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Introduction

The title of this paper i's borrowed from a
titted 1434 (Menzies 2008, 147). Menziedreadystirred considerable controversy with his

first work titled 1421 (Menzies 2002)in which he claims thatthe Chinese |éet
circumnavigated the worldduring the Ming and travelled to parts of the worndt
undiscovered by the Europeassch as the Americablenzies is a retired naval commander

with no command of the Chinese language. His methods were criticizddsatmhclusions

dismissed by several historians and sinologists but his hypothesisattracted many

foll ower s, named fAfriempporotfi ntghet hk4 2tlh ewelys
evidehpea. critical assessment of diddgumshede s 6 A
academics in the fieldodinmiaiglilnoRiralparyds cam dc aur
wildly specul ative 6t r aondutiwe ttoi aocreditde rewifig ot opony
histod ( Ri chardson 2004, 10) .

His latest book is no less controversitihe new hypothesis i1434becomes apparent from

the subtitle AThe Year a Magnificent Chi ne
Renai ssanceo. A @ damefleet o Qhindgse vedgasrvisitedeltaly in the first

half of the 15th centuryAs a consequencejany great men from the Renaissance such as

Paolo Toscanelli, Leone Battista Alberti, Nicolas of CuRagiomontanusGiovanni di

Fontana andMarianoTaccola dund direct inspiratioffior their knowledgdrom the Chinese.

He claims for example, that many of the inventidimst Leonardo da Vinci is credited for

actually depened on knowledge of Chineseontrivances through Taccola and Francesco di

Giorgio. The euwlence is presented demagogically by showiiregsimilarity ofRenaissance

and Chinese illustrations side by s{dee figurel) Al berti 6s knowl edge of
dependonth& h % sk h U@ g ® . Mathematical Treatise in Nine Sectiphgnce

SSJZLibbrecht 1973byQ2 n  J i( wds hyritten in 1247 And so it goes on.

It is all too easy to dismiss the claims by Menzies by reasons of a lack of historical scrutiny,
knowledge of Chinese language or scientific metlbsd.claims are challenging, the parallels
are surprising,andsome evidence cries out for an explanatisit is our belief that scholars

! We will usethe pinyin transcription fo the names of Chinese books and authors.
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should not shy away from the claims presented in the book we will take up the chaenge.

will focushereononeof Menzi es6s ar gume rcs: Regidnematdnusmmagl wi t h
access to Chinese mathematical works because of his knowledge of the Chinese Remainder
Theorem CRT). We will demonstrate that thegument is false and the criticisapplies to

many simila claims in his book. However, there has been a transfer of mathematical
knowledge from East to West. TH&RT methodor Da-yan shu ( Great Extension
Mathematics)s a Chinese invention. Therefore we will also address the question of how then

to accounfor dissemination of knowledge through distant cultwébout the availability of

written evidence

From theNung shy 1313 (Needhani965) Late 18" cent copy of Taccola
(Ms. Palatino 767, f. 32r, BN(
Florence)

Figure 1:A typical example oMe n z i e s 0 $or Ghinesahfeuences.

The da yanrule?

Let us first recall that thda yanrule describethatfor a set of congruences= g(modm) in

which them are pair wise relative primes, the solution is given by
L M
x=p, ab—
230

in which M is the product ofall the m and thely are derived bythe congruence relation

M
—=1(modm ).
m

The Chinese version of the rule depends on a specific procedure which we will illusteate by
numericalexample SeeNeedham 1959,119-120), Libbrecht (1973, 33354), Katz (1992

2 The name isn Western publicationketter known under its Wae@iles transliterationa-yen
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188 or Martzloff (2006, 316323)for other examples/NVe will abbreviate congruence sets by
thecompactotation x=g(m), a(m),2 , a( m). Our example isx = 2 (3), 3 (5), 4 (7).

1) Reduce the moduliding muor fixed denominatorsp a multiplication or a power of
prime numbers unless they are prime or a power of a prime already (which is the case
in our example). The relative prime moduli are caléizaly shu This procedure is
calleddayan qiuyi shu(great expansioprocedure fofinding the unity)from which
theda yanname is derived

2) Find the least common multiple of the moduli, called §e mu (multiple
denominators)Iin our exampleéhe product of 3, 5 and 7 is 105.

3) Divide theyenmuby all the ding shu The result is callegian shu(multiple numbers
or operation numbeysin our example 35, 21 and 15 respectively.

4) Subtract from theyen shuthe correspondingling shuas many times as is possible.
The remainders are callegl shu(surplus).Thus 35i 3(11) = 2, 21i 5(4) = 1, 15
7(2) = 1.

5) Calculate the chéng Ii (multiplying terms) as q%zl(modm) , being

2b =1(mod3)h = %, 1, =1(mod5)b, = ‘and1b, =1(mod 7)b, = ..

6) Multiply the chhéngll with the correspondingan muand the remainder3hese are
calledyongshu(useful numbers)rhus 2.35 =@, 3.21= 63 and4.15= 60.

7) Multiply the yongshuwith the remainders. Thus 70.2 = 140, 63.1 = 63 and 60.1 = 60.

8) Add these products todedr andyou will get thezong shysum) thusl40 + 63 + 60 =
263

9) Subtract thegan mufrom this sumas many times as possilite get the solutiong =
2631 1057 105= 53.

The terminologys taken fromQ 2 n J iAw Englishotranslation of the complete text of the
procedure is given blyibbrecht (1973, 32832) andDauben 2007,314-15).

An epistemic agument

In this sectiorwe provide a fair representation of the epistemic argumentation developed by
Menzies. The premise consists of the fact that Regiomontanus had knowledgelaf/&me

rule. The evidence presented stefram his correspondence with the astronomer Francesco
Bianchini in 1463. The Latin correspondence was published by Curtze (18G2)etter to
Bianchini (not dated butate 1463 or early 1464Regiomontanus poses eigiuestions, the

| ast o nQuerdmumenugn, qii si dividatur per 17, manent in residuo 15, eo autem
diviso per 13, manent 11 residus, ipso diviso per 10 manemtia resida: quero, quis sit
numer us i | 9028 ®19) Within the eontext of thquatrocentosuch questions
should be understood as challenges rather than geenmeries Regiomontanus probably
had the solution before posing the question. Banchinimet the challenge and produced a
correct answer in his letter 6f Feb 1464 Curtze 1902, 237)Bianchini answers the above
problem withthe solutions 1103 anBi313andadds thathere are many more solutions, but



that he does nawish to spend the labdor findingmore( iSed i n hoc non
expendere, in aliis numerisn v e nTihis @mment leads Curtze conclude that Bianchini

did not know the general method. s answering lette(not dated Curtze 1902, 254
Regiomontanusevealsthatthereis an infinite number of solutions and tttae solutionsare

easily gaerated annotated by a figure in the marg{nii ld si addiderimus numerum
numeratumab ipsis tribus divisoribus, scilicet 17, 13 et 10, habebitur secundus, item eodem
addito resultat tertius ety). Every time one addghe least common multipl®f the thee
divisors additional solutions are generatetbt much labor requiredt all But concluding

from this, as Curtze @s, that Regiomontanus knew theneral solution for the remainder
problem, isone step too farAs we shall demonstrate below, the swintcan be obtained by
tables or trial and error and the rule for generating additional solutions was known within the
abbaco tradition. It even had its own nariteis impossiblefrom the correspondende
establisithe specific proceduriee used for finohg the first solution. The second premise, that

a general procedure for the CRT is explained inghe%: s h 1 , i3 of oourgghstifiedy
From this Menzies concludes that Anit foll
this Chinese book of 1247 unless he had quite independently thought D@-tfz rule,
which he never c l’diemeadd dtso i & \h @ Rebiompétanusa t |
knowing of this massive book, which was the fruit of the work of thirty Chinese schools of
mathematics, could be of great importance. (..) It may lead to a major revision of Ernst
Zinnerds majestic wo r‘k swnmange argurnemtasras fallows:s 6  (

Premisses: 1) Regiomontanus knew the general solution to the CRT in 1463
2) The CRT is explained in ti#&SJZof 1247
Conclusion: Regiomontanus had knowledge of $8JZ

We will show that the first premise cannot be justifsetithat the conclusion is not proven.
But even if the premiseould be trueand if the conclusion would balid, the reasoning still
is flawed

Other sources for thedayanrule

A typical fallacy of Menzie8 argumentation is that heaslooking for anexplanation which

(S

oW

on

I b

necessarily involves Chinese knowledge, sources or artifacts which supposedly have been

disseminated through a hypothetical visit of the Chinese in Italy in 1434. He therefore looks
for Renaissance sources after 1434 and tries to nfaam with Chinese ones before that date
ignoring all other contextual explanations. In our case he matches a very specific problem
from the correspondence of Regiomontanus with one specific Chinese book. We will first
show that theCRTwas known long befor&8 h % s h i1  ahd seondlyrtHatrthg problem

and alternativeolutiors wereknown in Europe beforg434.

*Menzies 2008, 149. Remar k t hat t his argument can

Regiomontanus must have independently thought uf @héenrule unless he was aware of this Chinese book
of 1247, which he never c¢claimed to have knowno.
* Erng Zinner (1939) is the biographer of Regiomontanus.
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Earlier sources in Asia

It is generally acknowledged by historians of Chinese mathematics that remainder problems
grew out ofcalendar calculations Chinaduring the third centurylThe problem of finding a
common cycle for the lunar months and the tropical year can be formulated as finding
period ofN days in which

N =r,(modD) =r,(modL) = r,(modY)
with D as the length of a dal, the duration of a lunar month aiYdhe duration of a tropical

year and the; as the remainders. Tleh Uayde ( ) of 19 tropical years corresponding

with 235 lunar monthgvas detemined in China already in the sixth century BC. Such a cycle
was also kown by the Babylonians around 500 BC anyglthe ancient Greeks (Meton at 432
BC).

Remainderproblemsappear in different fors but usually within a practical setting. The
earliest extant souradealing with such problenis theSun Zi Suanidg ( , Master

Sunds Ar it hmaEnglshatiansiMiamandadisssion is given by Lam Lay Yong
(2004).Sun Zi describes the problexm= 2 (3), 3 (5), 2 (7)Chap. 3, prob. 26, p. 10halso
translated and discussed by Needhd®59, 119), Mikami (191332), Li and Du (93),
Libbrecht (269)). The method spread to India as it appears already inrthg a/3d ty @i
U r y a3akoh499) where it become&nown as thekuttakaor pulverizer methodClark
193Q 4250, Datta and Singl934, 87-99, 131133, Libbrecht 1973, 229). In the
Br Uh maBa p ih d ddy Bm tUd maaj 62§ theamethois applied within the context of
astonomy (Colebroole 1817,326-7). In theB jagalita of 1150B h U s K asesaalgebra to
calculate the solutionQhap. VI, stanzas 160 & 1620lebrookel817 235239). Although
remainder problems are rare in Arabic treatises thene known bylbn alHaitam (¢c.1000)
in particular the problemx = 1(2 3, 4, 5, 6), (7), asdiscussed byViedemann (1892),
Libbrecht(1973, 2345) and Rashed (1994Libbrecht pointsour attention tahe similarity of
the Arabic and Indian solutions.

Earlier European sources 5

Already in 1202 Fibonacci discusses seven remainder problemslitbarsabbaci His last
problem is actually the one whiete used as an example (Latin in Boncompdd%7,304,
English by Sigler2002,428 29, also discussed and translated by Libbra®&m3,236-238).
Fibonacci predates tt®#h %2 s h 1 ahd while hehglles @ general method for the moduli
3, 5 and 7 and ather one for the moduli 5, 7 andt8s procedure is different from the one
we listed above (Sigl€2002,428-9):

He divides the chosen number by 3, and by 5, and by 7,

> We will limit the discussion of Bwpean sources to the period before 1464. Shortly after the correspondence of
Regiomontanus and Bianchini the problem appeaMéne st r o Be n e d dtattato (c.t1485, gpb6&d enze 6 s
69),inthePseudd el | 6 Abbaco -®@9v)14&m@Bd (ifri . Pi6&maoa tdealtloaf dA48@brbcaecsoc a
(f.122).For its later history and influence on Gauss see Bullynck (2008).
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and always you ask what are the remainders from each division. You truly for
eachunit of the remainder upon division by 3 keep 70, and for each unit of the
remainder upon division by five you keep 21, and for each unit of the remainder
upon division by seven you keep 15. And whenever the total exceeds 105, you
throwaway 105, and thathich remains for you after all the 105 are thrown away
will be the chosen numberFor example, it is put that after division by 3 there
remains 2 for which you twice seventy, that is 140; from this you take away the
105 leaving 35 for you. And after dsion by the five there remains 3 for which
you keep three times 21, that is 63, which you add to the aforesaid 35; there will
be 98. After the division by the seven there remains 4 for which you retain
guadruple 15 that is 60 which you add to the afore3@jdhere will be 158 from
which you throwaway 105; there will remain for you 53 which is the chosen
number.

Il n Fi bonacci Gag ghuacemet calculaed bub given and than mu are

subtracted fronzong shubefore they are summed together.fllm c t , Fi bonacci 0

corresponds closely with the text of than Zi Suan Chinfpr the similar problenx = 2 (3),
3(5), 2 (7)° (Mikami 1913,32):

In general, take 70, when the remainder of the repeated divisions by 3 is 1; take 21,
when the remainder dhe repeated disions by 5 is 1; and take 15, when the
remainder of the repeated divisions by 7 is 1. When the sum of these numbers is
above 106, gbtract 105, before we get the answeg€ The remainder dividéby

3 is 2, and so take 140h& remaindedivided by 5 is 3, and so take 63. The
remainder divided by 7 is 2and so take 30. Adding these together we get 293.
There fromsubtrac210, and webtain the answer.

Li bbrecht (1973, 240) al so discusses Fibona

give the slightest theoretical or general explanation of his method of the remainder problem,

and for this reason his whole treatmentison alleven 0 hi gher t han t hat
(1, 4, 34) and Libbrecht (1973, 24) mention a&ourteenthcenturyByzantine manuscript of
thelsagoge Arithmeticdby Nichomachus of Gerase which contains an appendix dealing with
a problem finding a contrived nurar. The solution method as well as the recreational context
is very similar to Fibonacci.

Two additional occurrences of the problem are documented in extant writings before
Regiomontanus in EuropeThe astronomeGiovanni Marlianiwas the teacher of Giorgio
Valla and wrote a vernacular treatise arithmetic. His Arte giamata arismetichdates from
c.1417( codex A. Il. 39, Biblioteca Universitaria de Genova) and is described and partly
transcribed by Gino Arrighi1965). Theremainderproblemis basically the same as the one

by Fibonacciand the limited explanation provides no clues concerning the knowledge of the

® Martzloff (2006, 322)comes ® the same conclusion Al n 1202, Fi bonacci (. .)
remainder problem similar to that of Sun Zi, in other words incomparably Iess powerful than that due to Q|n
Jiushaoo.
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CRT. Two otherremainderproblens appearin apseudeP a o | o d eof ¢.144) witha c o
moduli 2 to 10 and the congmeesone less than the modaind t

Truova uno numero che partjto per 2 ne rjmanghi uno, e partjto per 3 ne rjmanghi
2, e partjto per 4 ne rjmanghj 3, e partjto per 5 ne rghp#, e choxj per insino in
10 (Arrighi 1964, 95)

Truovamj uno numero che partjto per 2 ne rjmanghj uno, e partjto per 3 ne
rjmanghi uno, e partjto per 4 ne rimanghj uno, e partjto per insid@ {Arrighi
1964,96).

Now, these two problems are quite interesting as the author seems to have heardoof these
similar remainder problems but he does not know the answer or the methodCé&t ThEor

the first problems he gives the answer 3628799 and for the second 75601. Both solutions are
valid, but of course not the smallest integral solutions as providedddl@RT method, 2521

and 2519 respectivelythe author solves the first problem by multiplying all the moduli and
subtracting one

Fad c hoixghe setruavaildz 130ed4ed5edl6ed7ed8ed9ed

10? E pero multjpricha 2 via 3a 6, e4 via 6, fa 24, e 5 via 24, fa 120, e 6 via 120,
fa 720, e Wia 720, fa 5040, e 8 viad40, 40320, e 9 vid0320, fa362880, €10

via 362880, fa 3628800. E ora puoj direo@trovato uno numero che partjto per
2 n ordmane alchunahoxa, e pajtt o p @imangnulla e éhoxj pet, per 5,
per 6, per insino i10. E ora da traendo uno dguesto numero, si nne verra da
xxezzol meno che nel numenrel quale io 0 partjto, uno di questo numero cioé
di 3628800 che rresta 3628799 e questo numelesso.

For the solution to the second problem he finds 7560 as a common multiple, though not the
least common multiple, and adds one, and 7ib6leed isa solution. He then claims that
75601 is A a more secure solutiono.

While we carrelate some remailer problems to the Arabic tradition and Fibonacci, it seems
that suchkind of problems were known, discussed and solved by methods which do not
reflect any knowledge of théa yanrule. The occurrences of the probkeas discussed here
exhaustall our published sources of abbaco texts. Convinced that there Haslféoind
something more we looked anumber of previously unpublished manuscrigt® will come

back to the abbaco tradition & furthersection. First we look at the problem in @an
cossic textslts appearance is unnoticed by Menzies but could be usad agument in
favour of his first premise.

The cossic tradition

In a classic overview of fifteentbentury algebra in Germany Maximilian Curtze points out
that by the middle ofhe fifteenth century the CRT was a well known subjeks. evidence
he refers to th®eutsche Algebrahe manuscript4908 of the State library in Munich written

! Curtze (1895, p. 65 note)fiich will jetzt hier den Beweis fiihren, dass um die Mitte des 15, .Jahrhunderts sie

mitihremBeweise nd ohne Benutzung des chinesischen Beispiels
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in a mixture of German and Latin. Curtze names the author felerbat it is since then
estdlished thatit is the monk Fredericus Amann wlamthoredthe text in 1461 (Folkerts

1996, Gerl 1999, Gerl 2002 and Vogel 1981). While this treatise was written two years before
the correspondence between Regiomontanus and Bianchini it still is difiestablish who

got it from whom. According td-olkerts (1996, 26)Fredericus based hiext on the still
unpublishedRe gi o mo nt an u roagebmavrtiersic T4568polumbia University,

Plimpton 188 (ff. 82v-96r). However, the algebra problems by Fredericus run from38w

157r and the method for solving the CRT is discussed on the preceding (i2g&<125r,

Curtze 189565). Though we do not have a transcript
know that it incudes one remainder probleramely x = 2 (3), 4 (5), 1 (7) (problem 60, f.

93r). According to Folkerts (2002, 421jit follows the da yan methodo. If at all
Regiomontanus had a general method for solving remainder problems, which cannot be
established from the o@spondencer from what we know of the Plimpton 188, it is safe to

assume that he and Amann used the same method. As we have a transcription available of
Amannds solution | et us.Inahcerious migtureeof dideGermant hi s
and Latin, Amann provides the following sohuti to Regiomontanusi problem 60 with

moduli (3, 5, 7 Curtze 189565 Vogel1954, 1261):

Item ich wil wissen, wie vil pfenning in dem peutel odor im synn hast. Machs also.
Hays yn dy dn, dy er hat, zelen mit 3, darnaain 15, postea cun?, vnd alz oft

eins vber plét mit 3, so merck 70, vnd alz oft 1 vber pleibt mit 5, merk 21, vnd
mit 7, merk 15.Postea adde illos numeros in simul, etiata simmasubtrahe
radicem, hoc est multiplic& per 5 et 7 erit 105als oft du magst, vnd wz do
pleibt, alz vil hat er ym sinn oder in peutel.

Amann further lists a table with the moduli (2, 3, 5), (3,4, 5), (3,4, 7),(2,3,7),(2,7,9), (5, 6,
7), (5, 8, 9) and (9, 11, 13) including the least common multiple of taulnand but not

what the Chinese callegenshu So for the moduli (3, 5,)7 Amann gives 105 and then the
numbers 70, 21, 15 instead of §en shu35, 21 and 15. We can thus conclude that Amann

and possibly Regiomontaniidollowed the method of th8un Zi Suan Chinglso employed

by Fibonacci instead of the one described inSHe %2 s h 1 . Asithe method¥or golving
remainder problems in fifteenttentury Europe is different from the superior one discussed in
theSh % s h1 itcanactudlyhbe mtgrpreted as evidenagainstthe hypothesis posed

by Menzies:

Premisses: 1) If Regiomontanus knew the general solution to the CRT as explained in the
SSJZhe would have used it

2) Regiomontanué@nd Amannyid not use the method of ti&&SJZ
Conclusion: ThereforeRegiomontanus haab knowledge of th&§SJZ

The rule of numbers with no end

From a study of a number of unpublished manuscwgtdiscoveredhatremainder problems
were treated already in the Italian abbaco tradition simedoureenth centuryWe identified
a family ofat least six manuscriptshich contain a tableith remainders for moduli 3, 5 and
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7. Thetableis listed in relation to one ia series of remainder problems. Theposeof that
problemis to findnumbers that satisfy = 2 (3), 3 (5), 1 (7)The unpublished manuscripts
containing the table are the followifigpcluding sigla and folio location)

e Z(c.1395) Florence, BNC, Conv.Soppr.G7.1113c.f Quest e sonno | e fe

dello abocchode | e guagl i tu pot Il nscrfcusva € Qqua
mercantescéormatg) ff. 241r241v

e U(c.1417),a lost archetype of whicthé following are derived copiethe table of
contents in a later copy pointsffo141

e A (c.1433)Florence, BNCMagl. Cl. XI. 119, n c : AConci o si
e qual.i c hi con

figure nell dabacho per I
| 6 al t r eorsiva cancellaresca tormatéf. 141(?)
e B (c1440) Florence, Biblioteca Medicé@aurenziana, Ash. 608| n c : AConci o

chosa che sono nove fighure nel abacho per le quali chi chonoscie quele agievolmente
chonosci er a p oorsivd nie@dntesydt. 101v-106r ( r api d

e C(c1440) London, BL, Add. 10 36 Fighurel nc :
nell 6abbaco per | e qual.i c hi chonoscie g
(very neat humanistic bookhanfl) 149r-152r

e E(1442)London, BL, Add. 8784, Il nc: AE chon
nell 6abacho per l eel 1 geu ad i ecvhoil meomn @s cceo Nn@ 1§ ¢

(fairly neat Italian Gothic bookhand, by Agostino di Bartdfoll 38v-140v

The manuscripts) and A to E are part of a related family of copies of an abbaco treatise
which is described in Heeffer (2008). We will here use the same sigla. Thésedbliegure 2)

a CcO0Sa

in its earliest form is contained irebaldonel an aut hor 6 s Z)framtthelerm ofk , her

the fourteenth centunAll the cited manuscriptsontain the table and the main problem to

find 11 numbers which satisfy the congruence relafitve. solution is listed (8, 113, 218, 323,

428, 533, 638, 743, 848, 953 and 1058) and it is verified thathéney the same remainders

for the three moduli 3, 5 and 7 but apart from the table no method is preSdrasd.texts
thereforeshow no evidence of any knowledge of tieeyanrule, not even the limited version

from theLiber abbaci The table starts fror@ and runs to 113, the first two numbers in the
congruence set. The accompanying text explains how to generate additional solutions. First
the property is observed that the remainders are the same when one is added to both solutions
8 and 113. The remaliers are also the same when you add 2, 3 and more. When one adds the
difference between 8 and 113 (which is 105) to 8 and to 113, the remainders will also be the
same. This allows us to generate infinitely many numbers with the same remainders for a
given set of moduli. In fact, as far as we know, the reasoning is the earliest instance of
mathematical induction in European writings (Heeffer 2010). Because of the demonstrated
infinity of possible solutions t@deorutleeisul
numbers with no endNe remark that the limited knowledge about remainder problems in
these manuscripts is sufficient to explain the reasoning of both RegiomontarBisuactuini

in their correspondence. There are infinitely many solutems these solutions are in an
arithmetical progressiom. hi s under mines Menziesds argument
needed to know was available already in fourteestttury Italy.



Figure 2: Table of remainders foroduli 3, 5 and Tused with permissio® The British
Library Board, msAdd.10363 ff. 152rv)
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