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Abstract

This paper introduces a new format for reasoning with prioritized stan-
dards of normality. It is applicable in a broad variety of contexts, e.g.
dealing with (possibly conflicting) prioritized belief bases or combining
different reasoning methods in a prioritized way. The format is a gener-
alization of the standard format of adaptive logics (see [4]). Every logic
that is formulated within it has a straightforward semantics in the style of
Shoham’s selection semantics (see [22]) and a dynamic proof theory. Fur-
thermore, it can count on a rich meta-theory that inherits the attractive
features of the standard format, such as soundness and completeness, re-
flexivity, idempotence, cautious monotonicity, and many other properties.

1 Introduction

In this paper, we present a format for adaptive logics (henceforth ALs), that is
a generalization of the standard format of ALs. The new format enables one to
deal with prioritized defeasible reasoning. Let us in the following introduce the
main ideas behind ALs and motivate the extension to the prioritized case.

1.1 Adaptive Logics

ALs are powerful formal systems that model and explicate several forms of
human reasoning: reasoning with inconsistent premises [1], inductive gener-
alization [6], abduction [18], reasoning on the basis of conflicting norms [19],

∗Research for this paper was supported by subventions from Ghent University and from
the Fund for Scientific Research – Flanders. We are greatly indebted to Mathieu Beirlaen,
Rafal Urbaniak and the two anonymous referees for their comments to previous versions.
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argumentation [26], etc.1 Many consequence relations from the literature have
been reformulated as ALs, see e.g. [8, 12, 23, 30].

Generally speaking, ALs are developed to capture defeasible reasoning forms
(DRFs), reasoning forms in which certain inferences may be retracted in view
of later insights. A distinctive feature of ALs is their dynamic proof theory –
most of the available systems that model DRFs lack a proof theory. Scholars
often highlight the non-monotonic character of the consequence relation that is
supposed to represent a DRF, but neglect the internal dynamics that is char-
acteristic of the way we reason towards consequences. The growing insight into
the given information (resp. premises) may cause the withdrawal of previously
drawn inferences, even if no new information is available.2 The proof theory of
ALs nicely captures this internal dynamics.

One of the most important developments within the AL program is the
definition of a canonical format, the so-called standard format for ALs. This
format encompasses a generic proof theory and semantics. A rich and attrac-
tive meta-theory has been shown to hold generically for all ALs formulated in
the standard format (see [4]): they are sound and complete, their consequence
relation is idempotent, cautiously monotonic, etc. Most ALs have been success-
fully expressed within this format, whence it provides a good basis of a unifying
study of DRFs. Let us list some of the key features of the standard format –
technical details and a discussion of its meta-theory will be given in Section 2.

Every AL in standard format is characterized by a triple: (i) a lower limit
logic (henceforth LLL), (ii) a set of abnormalities Ω and (iii) a strategy. The LLL
is a monotonic logic, the rules of which are unconditionally valid in the AL. The
AL strengthens its LLL by considering a certain set of formulas (the elements
of Ω) as abnormal, and by interpreting premises “as normally as possible”. The
precise interpretation of the latter phrase depends on the strategy of the AL
– the details will be spelled out in Section 2. Hence we can say that the AL
equips its LLL with a certain standard of normality.

For example, the inconsistency-adaptive logic CLuNm from [1] strengthens
its LLL, the paraconsistent logicCLuN, by interpreting premises as consistently
as possible. Hence its standard of normality reads: “contradictions are false”.
While CLuNm does not lead to triviality in the face of an inconsistent premise
set, it retains a large number of inferences that are valid in classical logic.

In adaptive proofs, this is realized by deriving formulas on a condition. For
instance, CLuNm allows for the application of Disjunctive Syllogism to A∨¬B
and B on the condition that B behaves consistently. Whether we can depend
on the consistent behavior of a formula, may change with the insights we gain
and the new information we obtain. Hence some formula occurring at a line of
a proof may count as derived at some point and as not derived at another point
in the proof. This is determined by its condition, other formulas derived so far
in the proof, and the adaptive strategy.

1Unpublished papers in the reference section (and many others) are available from the
internet address http://logica.UGent.be/centrum/writings/.

2Pollock dubs this the diachronic defeasibility of defeasible inferences [21].
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ALs employ a selection semantics in the vein of Shoham [22]. From the set
of the LLL-models of the premises, ALs select a subset of models that verify “as
few abnormalities as possible”. Again, what is meant by “as few as possible”
depends on the strategy.

1.2 Prioritized Adaptive Logics

This paper deals with prioritized ALs. Agents often make use of various rea-
soning methods, where some of these methods take precedence over others. For
instance, a scientist may reason towards inductive generalizations, but only in
as far as this does not run counter to his (defeasible) background knowledge. He
may even infer some abductive consequences from his induced generalizations.
Also, some standards of normality may themselves have a prioritized flavor. For
example, where we start from a (possibly conflicting) set of obligations, each
having a certain weight, we may want to deal with the conflicts in a way that
is sensitive to this weight.

We will henceforth use the name “prioritized ALs” to refer to ALs that model
such processes. The first prioritized ALs were developed to capture reasoning
with prioritized belief bases (see Section 3.3 for an example). There are also
examples in the literature of prioritized logics for inductive generalization [6]
and prioritized inconsistency-adaptive logics [5, 3]. Examples of prioritized ALs
that combine different reasoning methods can be found in [17, 16, 25, 26].

While ALs in the standard format are well-studied, prioritized ALs have been
comparatively neglected.3 The standard format of ALs does not incorporate
prioritized ALs. The most straightforward way to achieve a prioritized system
is to superimpose ALs in standard format. Roughly speaking, this is done as
follows: where AL1,AL2, . . . are ALs in standard format – each of them taking
care of one particular set of abnormalities –, and CnALi

(Γ) denotes the ALi-
consequence set of Γ, define the prioritized logic PAL by

CnPAL(Γ) = “. . . CnAL3
(CnAL2

(CnAL1
(Γ))) . . .”

In other words, PAL boils down to the application of AL1 to Γ, next of
AL2 to the consequences obtained so far, next AL3, and so on. Promising as
this approach may seem, some rather discouraging results are available for PAL,
such as the lack of soundness, completeness, and idempotence.4 Moreover, there
has been a substantial lack of meta-theory on these combinations of ALs.

Starting from Section 3, we will depart from the above approach, and develop
a new format for prioritized ALs that cannot be reduced to (the combination of)
ALs in standard format. This new format is very close to the standard format
in numerous respects. It also makes use of the characterization by a triple, but
now replacing the set of abnormalities Ω by a sequence of sets of abnormalities
〈Ω1,Ω2, . . .〉, where the different subscripts of the sets refer to their priority
ranking. Both proof theory and semantics of the new format have the same

3There is some work forthcoming though, namely [27, 7, 24]
4[24] introduces some exceptional cases in which soundness and completeness is guaranteed.

3



overall structure as the standard format. The difference is that the strategy is
adjusted to the prioritized setting.

Since the new format cannot be reduced to the standard format, we have
to re-establish a lot of meta-theoretic results. However, in view of the strong
similarity with the standard format, much of the work can be easily achieved
through an adaptation of the meta-proofs from [4, 7]. As a result, the new
format inherits most if not all of the nice properties of the standard format.
Last but not least, every AL in standard format can be characterized as a logic
in the new format as well. In view of this, we can safely claim that the new
format provides a generalization of the old one.

2 Flat Adaptive Logics

In this section, the standard format of ALs is spelled out. This standard format
unifies a broad range of what we will henceforth call flat ALs. Flat ALs stand
in contradistinction to the prioritized ALs we introduce in Section 3. We only
explain the general characteristics of the standard format here, and refer to [4]
for more details, examples and meta-theoretic proofs. Before we start, let us
introduce some conventions.

Throughout this paper, all formulas are assumed to be finite strings. Where
W is the set of closed formulas of a formal language L, we define a logic L as
a function f : ℘(W ) → ℘(W ). L may be characterized by a proof theory, by a
semantics or by both. Where Γ ⊆W and A ∈ W , we use Γ ⊢L A to denote that
A is L-derivable from Γ. Let CnL(Γ) = {A | Γ ⊢L A} be the L-consequence set
of Γ. Where M is a L-model and A ∈ W , we write M 
 A to denote that A
is true in M . M is a L-model of Γ ⊆ W iff it is a L-model and M 
 A for all
A ∈ Γ. The set of L-models of Γ is denoted by ML(Γ). We say that A ∈ W is
a semantic L-consequence of Γ, Γ |=L A iff A is verified by all L-models of Γ.

2.1 The Standard Format

General Characterization. Henceforth, we say that L is a Tarski-logic iff it is
reflexive, transitive and monotonic. Every adaptive logic in standard format is
characterized by a triple:

1. A lower limit logic LLL: a compact Tarski-logic that has a proof theory and
a characteristic semantics

2. A set of abnormalities Ω: a set of formulas, characterized by a (possibly
restricted) logical form F; or a union of such sets

3. An adaptive strategy: Reliability or Minimal Abnormality

The strategy is indicated by a superscript: ALr for ALs that have Reliability
as their strategy, ALm for those that have Minimal Abnormality as strategy.
Many definitions and theorems are applicable to both classes of logics. In that
case, we use the generic name AL.
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The logic LLL is a function ℘(W) → ℘(W), where W is the set of closed
formulas of a formal language, henceforth denoted by L. As mentioned in the
introduction, AL equips LLL with a certain standard of normality. To express
statements concerning normality in the object language, a distinct set of classical
connectives is used. How this is done precisely, requires some explanation.

The additional classical connectives are noted by a check: ¬̌, ∨̌, ∧̌, ⊃̌, and
for the predicative case also ∃̌, ∀̌. The language L+ is obtained by extending L
with the checked connectives, where it is assumed that these symbols are not in
L. The set of closed formulas of L+, W+ is the closure of W under the checked
connectives. Unless specified differently, we henceforth use Γ as a metavariable
for subsets of W+.

To model inferences on the basis of L+, LLL is upgraded to LLL+ : ℘(W+) →
℘(W+). To prepare for semantics of LLL+ : ℘(W+) → ℘(W+), we define a
model validity relation 
+ that extends the validity relation 
 of LLL, as fol-
lows. Let M be an LLL-model. Define (1) for all A ∈ W : M 
+ A iff M 
 A,
(2) for all A ∈ W+: M 6
+ A iff M 
+ ¬̌A, (3) for all A,B ∈ W+: (M 
+ A
or M 
+ B) iff M 
+ A ∨̌B, and likewise for the other checked connectives.
Henceforth, we say that M is an LLL+-model of Γ ⊆ W+, M ∈ MLLL+(Γ) iff
M is an LLL-model and M 
+ A for every A ∈ Γ. We write Γ |=LLL+ A iff for
all LLL+-models M of Γ: M 
+ A.

In the standard format, a sound and complete axiomatization for LLL+ is
assumed to be given.5 Note that in view of its semantics, LLL+ is a compact
Tarski-logic and it is a L-conservative extension of LLL: for every Γ ⊆ W ,
CnLLL(Γ) ∩W = CnLLL+(Γ) ∩W .

Every logic AL is a function ℘(W+) → ℘(W+). Since AL was intended to
explicate defeasible reasoning processes on the basis of premises in L, premises
of AL logic are often assumed to be subsets of W . One possible interpretation
of the relation between AL, L and L+ is that AL provides an explication of a
reasoning based on formulas in L, but that for this explication, it uses formulas
in L+ – this will become clear when we present the AL-proof theory.

The set of abnormalities Ω ⊆ W+ represents those formulas thatAL assumes
to be false “as much as possible”, in view of the premises.6 The phrase “as
much as possible” can have various interpretations – every such interpretation
corresponds to an adaptive strategy.7

5Where LLL is supraclassical, one can obtain the axiomatization for LLL+ by a generic
procedure. However, for the sake of generality, we include logics LLL that have rather weak
and non-standard connectives, whence it becomes a lot tougher to find a generic procedure
that gives a sound and complete axiomatization for LLL

+. Nevertheless, for concrete cases,
the adaptive logician’s job of devising a syntax for LLL

+ will usually be fairly easy.
6In some papers on ALs, it is required that for some or all A ∈ Ω, 0

LLL+ A and 0
LLL+ ¬̌A.

This restriction is useful to rule out ALs that have no sensible applications; however, there
is no technical problem with allowing for degenerate cases in which all abnormalities are
LLL+-theorems, or all abnormalities are trivialized by LLL+.

7Other strategies then Reliability and Minimality are e.g. Counting, Normal Selections and
the Flip-Flop-Strategy. These are strictly speaking not part of the Standard Format, but can
be obtained from it under a translation – see [7, Chapter 6].
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Every flat AL also has an upper limit logic ULL : ℘(W+) → ℘(W+), which
boils down to enforcing the standard of normality axiomatically. In the remain-
der of this paper, let Θ¬̌ = {¬̌A | A ∈ Θ} for any Θ ⊆ W+. Syntactically, ULL

is defined as follows: Γ ⊢ULL A iff Γ ∪ Ω¬̌ ⊢LLL+ A. Semantically, we speak of
normal models as those LLL+-models M for which M 
+ ¬̌A for every A ∈ Ω.
Γ is a normal premise set iff it has normal models. Finally, Γ |=ULL A iff for
every normal model M of Γ, M 
LLL+ A.

Semantics. Before we come to the AL-semantics, we first need a few extra
definitions. A Dab-formula Dab(∆) is the checked disjunction of the members
of a finite ∆ ⊆ Ω. Where ∆ = {A}, Dab(∆) denotes A; where ∆ = ∅, ∨̌Dab(∆)
denotes the empty string. Where ∆ 6= ∅, Dab(∆) is a minimal Dab-consequence
of Γ iff Γ ⊢LLL+ Dab(∆) and there is no ∆′ ⊂ ∆ for which Γ ⊢LLL+ Dab(∆′).

Where Dab(∆1), Dab(∆2), . . . are the minimal Dab-consequences of Γ, let
Σ(Γ) = {∆1,∆2, . . .}. We say that U(Γ) =

⋃
Σ(Γ) is the set of unreliable

formulas with respect to Γ. Finally, where M is a LLL+-model, its abnormal
part Ab(M) is the set {B ∈ Ω | M 
+ B}.

As mentioned in the introduction, ALs have a semantics similar to Shoham’s
preferential semantics [22]: from the set of LLL+-models of Γ, AL selects a
subset of models in view of their abnormal part. The precise criterion for a
model to be selected depends on the strategy:

Definition 1 M ∈ MALr(Γ) iff M ∈ MLLL+(Γ) and Ab(M) ⊆ U(Γ).

Definition 2 M ∈ MALm(Γ) iff M ∈ MLLL+(Γ) and there is no M ′ ∈
MLLL+(Γ) such that Ab(M ′) ⊂ Ab(M).

MALr(Γ) is called the set of reliable models,MALm(Γ) the set of⊂-minimally
abnormal models, or more briefly, minimally abnormal models.

Although the above definition of MALm(Γ) is more direct, we can also
define the semantics of Minimal Abnormality in terms of the minimal Dab-
consequences of Γ. This requires some notational preparation. Let I ⊆ N be an
index set, Σ = {∆i | i ∈ I} and for every i ∈ I, ∆i ⊆ Ω. We say that ϕ ⊆ Ω is a
choice set of Σ iff for every i ∈ I, ϕ∩∆i 6= ∅. For the border case where Σ = ∅,
this means that every set ϕ ⊆ Ω is a choice set of Σ, including the empty set.

ϕ is a ⊂-minimal choice set of Σ iff there is no choice set ψ of Σ such that
ψ ⊂ ϕ. In the context of the standard format, we speak of “minimal choice sets”
to refer to “⊂-minimal choice sets”. The following is proven in [7, Chapter 5]:

Fact 1 If every ∆ ∈ Σ is finite, then Σ has minimal choice sets. [7, Fact 5.2.1]

Φ(Γ) is the set of minimal choice sets of Σ(Γ). Note that when Σ(Γ) = ∅,
Φ(Γ) = {∅}. It is easily provable that U(Γ) =

⋃
Φ(Γ). Also, remark that since

all the members of Σ(Γ) are finite, Φ(Γ) 6= ∅ for every Γ ⊆ W by Fact 1. The
following theorem was proven in [4]:

Theorem 1 M ∈ MALm(Γ) iff (M ∈ MLLL+(Γ) and Ab(M) ∈ Φ(Γ)).
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From this it follows immediately that every minimally abnormal model is a
reliable model: Ab(M) ∈ Φ(Γ) implies that Ab(M) ⊆ U(Γ).

Proof Theory. The proof theory of ALs mirrors the dynamic character of defea-
sible reasoning forms. Every AL-proof consists of lines that have four elements:
a line number i, a formulaA, a justification (consisting of a series of line numbers
and a derivation rule) and a condition ∆ ⊆ Ω. Where Γ is the set of premises,
the inference rules are given by:

PREM If A ∈ Γ:
...

...
A ∅

RU If A1, . . . , An ⊢LLL+ B: A1 ∆1

...
...

An ∆n

B ∆1 ∪ . . . ∪∆n

RC If A1, . . . , An ⊢LLL+ B ∨̌Dab(Θ) A1 ∆1

...
...

An ∆n

B ∆1 ∪ . . . ∪∆n ∪Θ

A stage of a proof can be seen as a (countable) sequence of lines, obtained by
the application of the above rules. A proof is a (countable) sequence of stages.
Every proof starts off with stage 1. Adding a line to a proof by applying one of
the rules of inference brings the proof to a successor stage, which is the sequence
of all lines written so far. Notably, a new line can be added anywhere in the
proof as long as the inference rules are used. An extension of a proof at stage s
is simply the same proof at a later stage s′. In view of the inference rules, the
condition of any line l is necessarily finite, and the following lemma holds:

Lemma 1 There is an AL-proof from Γ that contains a line at which A is
derived on a condition ∆ ⊆ Ω iff Γ ⊢LLL+ A ∨̌Dab(∆). [4, Lemma 1]

A distinguishing feature of adaptive proofs is the marking definition. At
every stage of a proof, a marking definition – see below – determines for each
line in the proof whether it is marked or not. If a line that has as its second
element A is marked at stage s, this indicates that according to our best insights
at this stage, A cannot be considered derivable. If the line is unmarked at stage
s, we say that A is derived at stage s of the proof. To prepare for the marking
definitions, we need some more conventions.

Where ∅ 6= ∆ ⊂ Ω, Dab(∆) is a Dab-formula at stage s of a proof iff it is
the second element of a line at stage s with an empty condition. Dab(∆) is
a minimal Dab-formula at stage s iff there is no other Dab-formula Dab(∆′)
at stage s for which ∆′ ⊂ ∆. Where Dab(∆1), Dab(∆2), . . . are the minimal
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Dab-formulas at stage s of a proof, let Σs(Γ) = {∆1,∆2, . . .}. Us(Γ) =
⋃
Σs(Γ)

and let Φs(Γ) be the set of minimal choice sets of Σs(Γ). By Fact 1, Φs(Γ) 6= ∅
at every stage s of a proof from Γ.

Definition 3 ALr-Marking: a line l is marked at stage s iff, where ∆ is its
condition, ∆ ∩ Us(Γ) 6= ∅.

Definition 4 ALm-Marking: a line l with formula A is marked at stage s iff,
where its condition is ∆: (i) there is no ϕ ∈ Φs(Γ) such that ϕ ∩∆ = ∅, or (ii)
for a ϕ ∈ Φs(Γ), there is no line on which A is derived on a condition Θ for
which Θ ∩ ϕ = ∅.

Put differently: where the strategy is Minimal Abnormality, a line with
formula A is unmarked at stage s iff its condition has an empty intersection
with at least one ϕ ∈ Φs(Γ), and for every ψ ∈ Φs(Γ), there is a line on which
A is derived on a condition ∆ such that ∆ ∩ ψ = ∅. As a line may be marked
at stage s, unmarked at a later stage s′ and marked again at a still later stage
s′′, we also define a stable notion of derivability.

Definition 5 A is finally derived from Γ on line l of a finite stage s iff (i)
A is the second element of line l, (ii) line l is unmarked at stage s, and (iii)
every extension of the proof at stage s, in which line l is marked may be further
extended in such a way that line l is unmarked again.

Definition 6 Γ ⊢AL A iff A is finally derived on a line of an AL-proof from
Γ.

2.2 An Example: the logic CLuNm

General Characterization of CLuNm. In the introduction, we already men-
tioned the idea behind inconsistency-adaptive logics. The example we will use
to illustrate the standard format is one such logic: CLuNm. For reasons of
simplicity, we only consider the propositional fragment of this system.

The lower limit of CLuNm is CLuN, which stands for “Classical Logic
with gluts for the Negation”. CLuN is a monotonic paraconsistent logic, de-
fined by full positive CL together with excluded middle (e.g. by the axiom
(A ∧ ¬A) ⊃ ¬A). This means that CLuN invalidates disjunctive syllogism:
{A,¬A ∨ B} 0CLuN A. CLuN+ is obtained by enriching CLuN with the
checked connectives as described above.

The set of abnormalities of CLuNm is {A ∧ ¬A | A ∈ W}. Hence contra-
dictions (with respect to any formula A ∈ W) are avoided as much as possible.
As a result, we obtain a much richer consequence set than CnCLuN(Γ), without
trivializing inconsistent premises sets Γ ⊆ W .

Example of a CLuNm-proof. Consider the premise set Γ1 = {p,¬p∨q,¬q,¬p∨
r, q ∨ r}. Note that the following Dab-formula is CLuN+-derivable from Γ1,
which implies that we are dealing with an inconsistent premise set:

(p ∧ ¬p) ∨̌(q ∧ ¬q) (1)
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On the semantic level, every CLuN+-model of Γ1 verifies either p ∧ ¬p or
q ∧ ¬q, or both. For every minimally abnormal CLuN+-model M of Γ1, either
Ab(M) = {p ∧ ¬p} or Ab(M) = {q ∧ ¬q}. Suppose that for some such model
M , Ab(M) = {p ∧ ¬p}. In view of the premise set, M 
+ ¬q and M 
+ q ∨ r.
Since also M 6
+ q ∧ ¬q, M 6
+ q and M 
+ r. We leave it to the reader to see
that also the second class of minimally abnormal models verify r. As a result,
r is a semantic CLuNm-consequence of Γ1.

Consider the following CLuNm-proof from Γ1:

1 p PREM ∅
2 ¬p ∨ q PREM ∅
3 ¬q PREM ∅
4 ¬p ∨ r PREM ∅
5 q ∨ r PREM ∅

Note that the fourth element is ∅, indicating that premises are introduced
on the empty condition. We may now derive r from lines 1 and 4:

6 (p ∧ ¬p) ∨̌ r 1,4;RU ∅
7 r 6;RC {p ∧ ¬p}

In the remainder of this paper, let us denote the stage consisting of lines 1
– n by stage n. At stage 7 of the proof, r is derived. However, we can continue
the proof as follows, showing that the condition on line 7 is problematic:

6 (p ∧ ¬p) ∨ r 1,4;RU ∅
7 r 6;RC {p ∧ ¬p}X8

8 (p ∧ ¬p) ∨̌(q ∧ ¬q) 1,2,3;RU ∅

Where i ∈ N, we will henceforth use X
i to denote the marking of a line

at stage i. At stage 8, line 7 is marked. Recall that in order to find out
which lines are marked at stage s, we had to look at the set Φs(Γ1). Since
Σ8(Γ1) = {{p∧¬p, q∧¬q}}, the minimal choice sets at stage 8 are ϕ1 = {p∧¬p}
and ϕ2 = {q ∧ ¬q}.

Clearly, the condition of line 7 has an empty intersection with ϕ2. But r,
the formula on line 7, has not been derived on a condition that has an empty
intersection with ϕ1. Hence the marking definition for Minimal Abnormality
stipulates that line 7 is marked.

So how can line 7 become unmarked again? This is done by showing that r
can be derived in the proof on a yet different condition:

6 (p ∧ ¬p) ∨̌ r 1,4;RU ∅
7 r 6;RC {p ∧ ¬p}
8 (p ∧ ¬p) ∨̌(q ∧ ¬q) 1,2,3;RU ∅
9 r 3,5;RC {q ∧ ¬q}
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Note that throughout the stages 8−9, the set of minimal choice sets remains
the same, which means that lines 7 and 9 are unmarked.

The difference with the Reliability Strategy can also be clarified by the above
example: in CLuNr, r is not finally derivable from Γ1. The reason is that from
stage 8 on, the set of unreliable formulas is {p∧¬p, q∧¬q}. In view of Definition
3, both lines 7 and 9 are marked if Reliability is the strategy. This is in agree-
ment with the CLuNr-semantics: there is a M ∈ MCLuNr(Γ)−MCLuNm(Γ)
for which Ab(M) = {p ∧ ¬p, q ∧ ¬q} and M 6
+ r.

2.3 Meta-theory of the Standard Format

In this section, we mention some of the most significant meta-theoretic proper-
ties of the standard format. A number of well-known properties are inherent to
ALs in standard format, such as soundness, reflexivity and the fixed point prop-
erty. Furthermore, for ALm, the Deduction Theorem holds, which means that
one can introduce hypotheses in a proof, as in classical logic. We assume the
reader to be familiar with these properties and refer to Section 5 for their exact
formulation. A number of significant properties are less well-known, whence
we discuss them here. We mention the original theorems and corollaries in the
literature between square brackets.

L-Completeness. In [24] and [7, Chapter 4], an example is presented of a Γ, A for
which Γ 0ALm A, whereas Γ |=ALm A. A similar example can be constructed for
the Reliability Strategy.8 Hence completeness in general does not hold for AL.
Nevertheless, for all Γ ⊆ W , completeness is provable – we will use the term
L-completeness to refer to this restricted form of completeness. From the same
examples, we can infer that some other properties such as e.g. Fixed Point also
have to be restricted to Γ ⊆ W . This should not be seen as a severe problem for
ALs, since as we explained before, they were developed to explicate a reasoning
process on the basis of premises in L. For the sake of generality we state the
meta-theory about AL for any Γ ⊆ W+ whenever possible.

Strong Reassurance. In Section 2.1, we explained that every AL selects a subset
of the LLL+-models of Γ. Now suppose a LLL+-model M of Γ is not selected.
In that case, it seems desirable to have as a property of the logic that there
is a LLL+-model M ′ of Γ that is selected, and that is less abnormal then M .
Only then can the logic justify that M is not selected. This property is called
“Strong Reassurance” in the literature.

Theorem 2 If M ∈ MLLL+(Γ)−MAL(Γ), then there is a M ′ ∈ MAL(Γ)
such that Ab(M ′) ⊂ Ab(M). [4, Th. 4 & 5] (Strong Reassurance)

8Note that according to Definitions 5 and 6, in order to finally derive A, one has to be able
to derive it in a finite proof on an unmarked line. The mentioned examples are constructed
such that this first requirement cannot be fulfilled: in order to derive A on a line l, one has to
derive Dab-formulas that render line l marked. See Lemmas 7 and 12 for how this problem is
avoided whenever Γ ⊆ W .
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Note that the abnormal part-relation and ⊂ impose a partial order on the
LLL+-models of Γ: M ≺ M ′ iff Ab(M) ⊂ Ab(M ′). Strong Reassurance boils
down to the claim that ≺ is smooth on the set of LLL+-models of Γ.9 It also
entails that whenever Γ has LLL+-models, Γ has AL-models – this property is
referred to as Reassurance. In other words, unless Γ is LLL+-trivial, AL will
not trivialize this premise set.

Cautious Indifference. Suppose we have established for some Γ, A, that Γ ⊢AL

A. In that case, it seems desirable that the AL-closure of Γ∪{A} is not different
from the AL-closure of Γ itself. That is, adding A as a premise to Γ should
not lead to a different consequence set. This is warranted by the Cautious
Indifference principle:

Theorem 3 For every Γ ⊆ W: if Γ′ ⊆ CnAL(Γ), then CnAL(Γ) = CnAL(Γ ∪
Γ′). (Cautious Indifference) [4, Th. 11.10]

Note that the fixed point property, i.e. that CnAL(Γ) = CnAL(CnAL(Γ)),
is derivable from Theorem 3 together with the reflexivity of AL. Cautious In-
difference is often divided in two parts: Cautious Monotonicity (CnAL(Γ) ⊆
CnAL(Γ ∪ Γ′)) and Cumulative Transitivity (CnAL(Γ) ⊇ CnAL(Γ ∪ Γ′)). Cau-
tious Monotonicity can be proven for the more general case where Γ ⊆ W+,
whereas Cumulative Transitivity only holds for Γ ⊆ W .

The Hierarchy within the Standard Format. We say that L is weaker than L′

(L′ is stronger than L) iff for every Γ ⊆W , CnL(Γ) ⊆ CnL′(Γ), while for some
Γ ⊆ W , CnL(Γ) ⊂ CnL′(Γ). The following theorem summarizes the difference
in strength between the different logics LLL+, ALr, ALm and ULL:

Theorem 4 CnLLL+(Γ) ⊆ CnALr(Γ) ⊆ CnALm(Γ) ⊆ CnULL(Γ). [4, Th.
11.1]

Obviously, AL is in most cases stronger than LLL+. Also, ALr is slightly
weaker than ALm, as the example in Section 2.2 illustrated. A related property
is that if a premise set Γ is normal, then AL is equipowerful to ULL:

Theorem 5 If Γ is normal, then CnAL(Γ) = CnULL(Γ).

Hence ifAL can avoid abnormalities altogether, it will do so. Nevertheless, if
the premise set is not normal, it will still in most cases render more consequences
than LLL+, without yielding triviality as ULL would. In other words, AL

strengthens LLL+ and approximates ULL as much as possible, adapting itself
to the premises.

Equivalent Premise Sets. In [11], it is argued that ALs have certain advantages
over numerous other formal approaches to defeasible reasoning methods. The

9A partial order ≺ on X is smooth with respect to a set Y ⊆ X iff for all A ∈ Y either A

is ≺-minimal or there is a ≺-minimal element B ∈ Y for which B ≺ A.
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most important argument there is one concerning transparency: there are var-
ious criteria to decide when two premise sets are AL-equivalent – criteria that
do not hold for those other formalisms. For a lengthy discussion, we refer to the
original paper; here we simply mention the three criteria for equivalence (the
original Theorems from [11] are given between square brackets).

Theorem 6 Where Γ,Γ′ ⊆ W, CnAL(Γ) = CnAL(Γ
′) if one of the following

holds:

(C1) Γ′ ⊆ CnAL(Γ) and Γ ⊆ CnAL(Γ
′) [Th. 6]

(C2) Where L is a Tarski-logic weaker than or identical to AL: CnL(Γ) =
CnL(Γ

′) [Th. 7]
(C3) Where L is a Tarski-logic and for every Θ ⊆ W, CnAL(Θ) =

CnL(CnAL(Θ)): CnL(Γ) = CnL(Γ
′) [Th. 7]

3 A Prioritized Selection of Models: AL⊏

3.1 General Characterization of AL⊏

Recall that the aim of this paper is to develop a generic format for prioritized
ALs that remains as close as possible to the existing standard format, and
inherits its meta-theoretic properties. We will use AL⊏ as a placeholder for
logics in this format, for reasons that will become clear in this section. Every
logic AL⊏ : ℘(W+) → ℘(W+) is characterized by a triple:

1. A lower limit logic LLL

2. A sequence of sets of abnormalities: 〈Ωi〉i∈I , where I ⊆ N is an index set
3. A strategy: ⊏-Minimal Abnormality or ⊏-Reliability

For the remainder of this paper, let Ω =
⋃

i∈I Ωi. Each Ωi ⊆ W+ is charac-
terized by a (possibly restricted) logical form, whence Ω fits the format of a set
of abnormalities of a flat AL – see page 4. Henceforth, we will use the name AL

to refer to the flat AL defined by (i) LLL, (ii) Ω and (iii) a strategy (Reliability
or Minimal Abnormality).

Let us briefly discuss the elements of the above triple. First of all, just like
AL, every logic AL⊏ is built on top of a logic LLL+, which is obtained from
LLL as described in Section 2. The upper limit logic of AL⊏ is identical to the
upper limit logic of AL, and will hence also be denoted by ULL.

The sets of abnormalities Ω1,Ω2, . . . correspond to the different standards
of normality mentioned in the introduction. We say that A is an abnormality
of rank i iff A ∈ Ωi and there is no j < i such that A ∈ Ωj . The lower the
rank of an abnormality, the higher the priority of the corresponding standard of
normality. The logic AL⊏ avoids abnormalities “as much as possible, in view of
their rank”. The adaptive strategy specifies the latter phrase. As for AL, the
two strategies give rise to two subclasses of prioritized ALs: ALm

⊏ and ALr
⊏.

Since theALm
⊏ -semantics is technically less involving than theALr

⊏-semantics,
we start with the former in Section 3.2. In Section 3.3, we present an example
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of a logic in the new format: Km
⊏ . After that, we discuss an alternative way to

characterize the ALm
⊏ -models of a premise set. Finally, in Section 3.5, we show

how a Reliability-variant is obtained from this alternative characterization.

3.2 The ALm

⊏ -semantics

In Section 2, we explained that flat ALs select a subset of the LLL+-models
of a premise set in view of their abnormal part. For ALm, a model M is se-
lected iff its abnormal part Ab(M) is minimal with respect to set-inclusion.
The prioritized logic ALm

⊏ also selects LLL+-models in view of their abnormal
part, but takes into account the rank of abnormalities. In view of the prior-
itization Ab(M) is not flat but is structured and may be represented by the
tuple 〈Ab(M) ∩ Ω1, Ab(M) ∩ Ω2, . . .〉. Just like the flat abnormal parts were
partially ordered in the standard format by ⊂, the structured abnormal parts
of prioritized ALs may be partially ordered by the lexicographic order ⊏lex:

10

Definition 7 〈∆ ∩ Ωi〉i∈I ⊏lex 〈∆′ ∩ Ωi〉i∈I iff (1) there is an i ∈ I such that
for all j < i, ∆ ∩ Ωj = ∆′ ∩ Ωj, and (2) ∆ ∩ Ωi ⊂ ∆′ ∩ Ωi. We write ∆ ⊏ ∆′

iff 〈∆ ∩ Ωi〉i∈I ⊏lex 〈∆′ ∩ Ωi〉i∈I .

Just as for flat ALs, the LLL+-models were selected whose abnormal part was
⊂-minimal, we now select the LLL+-models whose abnormal part is ⊏-minimal:

Definition 8 M ∈ MALm
⊏
(Γ) iff M ∈ MLLL+(Γ) and there is no M ′ ∈

MLLL+(Γ) such that Ab(M ′) ⊏ Ab(M).

As we did with ⊂-minimally abnormal models, we can speak of ⊏-minimally
abnormal models. Lemma 2 below states that the ⊂-order on ℘(Ω) is included
in the ⊏-order on ℘(Ω).

Lemma 2 Where ∆,∆′ ⊆ Ω: if ∆ ⊂ ∆′, then ∆ ⊏ ∆′.

Proof. Suppose ∆ ⊂ ∆′. Then for all i ∈ I, ∆ ∩ Ωi ⊆ ∆′ ∩ Ωi and there
is an i ∈ I such that ∆ ∩ Ωi ⊂ ∆′ ∩ Ωi. Take the smallest i ∈ I for which
∆ ∩ Ωi ⊂ ∆′ ∩ Ωi, whence for all j < i, ∆ ∩ Ωi = ∆′ ∩ Ωi. By Definition 7,
∆ ⊏ ∆′.

By Lemma 2, we immediately obtain:

Theorem 7 Every ALm
⊏ -model of Γ is a ALm-model of Γ.

10Lexicographic orders are a well-known ordering type and are mentioned in any represen-
tative mathematical dictionary or encyclopedia (see e.g. [14, p. 1170]). Lexicographic orders
have already previously proven to be useful for the formal explication of reasoning on the basis
of prioritized information. Lehmann employed them to deal with priorities among defaults
[15], Nebel [20] in order to deal with prioritized theory bases and Hansen [13] applied Nebel’s
preference order to the context of prioritized imperatives.
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3.3 An Example: Km

⊏

Several ALs have been developed to explicate reasoning with prioritized belief
bases – see [9], [30] and [29]. These are sequences of the form Ψ = 〈Θ0,Θ1,Θ2, . . .〉,
where each Θi is a set of formulas, and the index of the sets denotes their plau-
sibility degree: Θ0 is the set of facts, Θ1 the set of most plausible beliefs, and
so on. The ALs that deal with such belief bases typically use a certain logical
operator or a sequence of such operators to express that a belief has a certain
degree of plausibility. We will discuss only one such system, in order to illustrate
the ALm

⊏ -format.
As before, we restrict the logic to the propositional level. We use the stan-

dard modal language LM of Kripke’s minimal normal modal logic K, axiom-
atized by the propositional fragment of CL together with the following ax-
ioms:

K �(A ⊃ B) ⊃ (�A ⊃ �B)
RN if ⊢ A then ⊢ �A

As usually, we define ♦A = ¬�¬A. Let WM denote the set of modal wffs,
and W l the set of literals (sentential letters and their negations). To express
the plausibility degree of a piece of information, sequences of diamonds are
used: ♦♦ . . .♦A The longer the sequence, the less plausible the information. A
sequence of i diamonds will be abbreviated by ♦i – ♦0 denotes the empty string.
Starting from a prioritized belief base Ψ = 〈Θ0,Θ1,Θ2, . . .〉, we translate this
into the premise set Ψ♦ =

⋃
i∈N

{♦iA | A ∈ Θi}.

Where A ∈ W l, let !iA abbreviate ♦iA ∧ ¬A. Let N = {1, 2, 3, . . .}. The
prioritized logic Km

⊏ is characterized by the following triple:

1. The modal logic K+, obtained by enriching K with the checked connectives
2. The sequence of sets of abnormalities: 〈ΩK

i 〉i∈N, where for every i ∈ N,
ΩK

i = {!iA | A ∈ W l}
3. The Strategy: ⊏-minimal abnormality

To compare the format for prioritized logics with flat adaptive logics, it
will be convenient to refer to the logics Km and Kr, defined by (i) K+, (ii)
ΩK =

⋃
i∈N

ΩK
i and (iii) Minimal Abnormality, respectively Reliability.

The logic Km
⊏ allows for the defeasible inference from ♦iA (where i ∈ N)

to A. This is done by defining “A is plausible (to degree i), but false” as an
abnormality (of rank i).11 Consider the prioritized belief base Ψex = 〈{p ⊃
q, q ∨ s, p ⊃ s}, {p,¬q ∧ r}, {s,¬s}〉. The translation gives us Ψ♦

ex
= {p ⊃

q, q∨s, p ⊃ s,♦p,♦(¬q∧r),♦♦s,♦♦¬s}. To facilitate the reading, let henceforth
Γ2 = Ψ♦

ex
. Let us take a look at the K+-models of Γ2. Note that every

such model validates the modal formulas ♦p,♦¬q,♦r,♦♦s and ♦♦¬s. Table 1
represents these models in terms of (1) the non-modal literals they validate and
(2) their abnormal part. For reasons of simplicity, we restrict the scope to those
propositional letters that occur in Γ2.

12

11Note that for all i, j ∈ N such that i 6= j, ΩK

i
∩ΩK

j
= ∅. This is not required for a logic to
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M1 M2 M3 M4 M5 M6 M7 M8

p, q, p, q, ¬p, q, ¬p, q, ¬p, q, ¬p, q, ¬p,¬q, ¬p,¬q,
r, s ¬r, s r, s r,¬s ¬r, s ¬r,¬s r, s ¬r, s

!1p + + + + + +

!1¬q + + + + + +

!1r + + + +

!2s + +

!2¬s + + + + + +

Table 1: A representation of the K+-models of Γ2. The first row shows the
non-modal propositions each model validates, the second row the abnormalities
of rank 1 and the third row the abnormalities of rank 2.

Figure 1 shows the partial order imposed on the models from Table 1 by
the two logics Km and Km

⊏ . M1,M4,M7 are ⊂-minimally abnormal. From
these, M4 is not ⊏-minimally abnormal: Ab(M1)∩ΩK

1 ⊂ Ab(M4)∩ΩK
1 , whence

Ab(M1) ⊏ Ab(M4). M1 and M7 are incommensurable in view of Ω1, whence
Ab(M1) 6⊏ Ab(M7) and Ab(M7) 6⊏ Ab(M1). Recall that the set of ALm

⊏ -models
is always a subset of the ALm-models, whence in this particular case, M1 and
M7 are the only ⊏-minimally abnormal models. As a result, s and p ∨ ¬q
are semantic Km

⊏ -consequences of Γ2. Note that in view of M4, these are not
semantic Km-consequences of Γ2.

M5

M2 M3 M8 M6

M1 M7 M4

(a)

M6 M5

M2 M4 M3 M8

M1 M7

(b)

Figure 1: : A graphic comparison of the partial orders ⊂ (1a) and ⊏ (1b) on
the abnormal parts of the models M1, . . . ,M8.

We can explain this outcome as follows. In view of Γ2, both p and ¬q are
plausible, but one of them has to be false (although we do not know which one).
So if we want to privilege our most plausible beliefs, all we can do is assume
that one of both holds: p∨¬q. So all the selected models either verify p or they
verify ¬q. Since Γ2 ∪ {p∨¬q} ⊢K+ s, these models also verify s. The logic Km

cannot achieve this result, since it considers M1 and M4 as incommensurable.

fit the format of AL⊏; all that is required is that each Ωi is characterized by a logical form.
12It is provable for that (1) for every M ∈ M

K+ (Γ2), Ab(M) ⊇ Ab(Mi) for a “model” Mi

in the table and (2), for every “model” Mi in the table, there is a M ∈ M
K+ (Γ2) such that

Ab(M) = Ab(Mi). Hence it suffices to look at these limited representations, to decide which
abnormalities hold in the minimal abnormal models. This allows one to derive the claims
about CnK

m
⊏
(Γ2) that are made in this section.
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3.4 An Alternative Characterization of the ALm

⊏ -Semantics

In Section 2.1 we pointed out that the set of ALm-models of Γ can be charac-
terized alternatively, in view of the minimal Dab-consequences of Γ. A similar
characterization can be given of MALm

⊏
(Γ). We define a choice set as in Section

2.1. We say that ϕ is a ⊏-minimal choice set of Σ iff there is no choice set ψ of
Σ such that ψ ⊏ ϕ. Let Σ(Γ) be defined as in Section 2.

Definition 9 Φ⊏(Γ) is the set of ⊏-minimal choice sets of Σ(Γ).

Note that the following theorem follows immediately from Lemma 2:

Theorem 8 Φ⊏(Γ) ⊆ Φ(Γ).

In the appendix, it is proven that for every Γ, Φ⊏(Γ) 6= ∅ – see Theorem 25.
We will now show that, just as the set MALm(Γ) can be characterized in view
of Φ(Γ), the set MALm

⊏
(Γ) can be characterized in view of Φ⊏(Γ).

Lemma 3 Where M ∈ MLLL+(Γ), Ab(M) is a choice set of Σ(Γ).

Proof. Suppose M ∈ MLLL+(Γ). Let Dab(∆) be an arbitrary minimal Dab-
consequence of Γ. By the soundness of LLL+, Γ |=LLL+ Dab(∆). Hence M 
+

Dab(∆), which implies that M 
+ A for an A ∈ ∆. Hence Ab(M) ∩∆ 6= ∅.

Lemma 4 If Γ has LLL+-models, then for every choice set ϕ of Σ(Γ), there is
a LLL+-model M of Γ such that Ab(M) ⊆ ϕ.

Proof. Suppose (†) Γ has LLL+-models. Let ϕ be a choice set of Σ(Γ). Suppose
there is no M ∈ MLLL+(Γ) such that Ab(M) ⊆ ϕ. Hence Γ ∪ (Ω− ϕ)¬̌ has no
LLL+-models. By the compactness of LLL+, there is a finite Γ′ ⊆ Γ and a finite
∆ ⊆ Ω − ϕ such that Γ′ ∪∆¬̌ has no LLL+-models. However, by (†) and the
monotonicity of LLL+, Γ′ has LLL+-models, whence ∆ 6= ∅. ByCL-properties,
Γ′ ⊢LLL+ Dab(∆), whence by the monotonicity of LLL+, Γ ⊢LLL+ Dab(∆).
Note that there is a minimal non-empty ∆′ ⊆ ∆ such that Γ ⊢LLL+ Dab(∆′),
and also ∆′ ∩ ϕ = ∅. Hence ϕ is not a choice set of Σ(Γ) — a contradiction.

Theorem 9 M ∈ MALm
⊏
(Γ) iff (M ∈ MLLL+(Γ) and Ab(M) ∈ Φ⊏(Γ)).

Proof. (⇒) Suppose M ∈ MALm
⊏
(Γ). By Definition 8, M ∈ MLLL+(Γ). Sup-

pose (†) Ab(M) 6∈ Φ⊏(Γ), and let Ab(M) = ϕ. By Lemma 3, Ab(M) is a choice
set of Σ(Γ), whence by (†), there is a choice set ψ of Σ(Γ) such that ψ ⊏ ϕ. By
Lemma 4, there is a LLL+-model M ′ of Γ such that Ab(M ′) ⊆ ψ.
Case 1: Ab(M ′) = ψ. Hence Ab(M ′) ⊏ ϕ.
Case 2: Ab(M ′) ⊂ ψ. Hence Ab(M ′) ⊏ ψ in view of Lemma 2. By the
transitivity of ⊏, Ab(M ′) ⊏ ϕ.

Hence in either case, there is a LLL+-model M ′ of Γ such that Ab(M ′) ⊏
Ab(M), which contradicts the fact that M ∈ MAL⊏

m(Γ).
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(⇐) Suppose M ∈ MLLL+(Γ), but M 6∈ MALm
⊏
(Γ). Then there is a M ′ ∈

MLLL+(Γ) : Ab(M ′) ⊏ Ab(M). By Lemma 3, Ab(M ′) is a choice set of Σ(Γ),
whence in view of Definition 9, Ab(M) 6∈ Φ⊏(Γ).

Note that the above theorem nicely parallels Theorem 1. The theorem below
states that whenever Γ has LLL+-models, then we can also go in the opposite
direction: the set Φ⊏(Γ) can be defined in view of MALm

⊏
(Γ).

Theorem 10 If Γ has LLL+-models, then Φ⊏(Γ) = {Ab(M) |M ∈ MALm
⊏
(Γ)}.

Proof. Suppose Γ has LLL+-models. That {Ab(M) |M ∈ MALm
⊏
(Γ)} ⊆ Φ⊏(Γ)

is immediate in view of Theorem 9. Let ϕ ∈ Φ⊏(Γ). By Lemma 4, there is a
M ∈ MLLL+(Γ) such that Ab(M) = ϕ. By Theorem 9, M ∈ MALm

⊏
(Γ).

Below we will see that Φ⊏(Γ) has a proof-theoretic counterpart, Φ⊏
s (Γ), that

determines the marking of lines of a proof at stage s. Hence Theorems 9 and
10 function as a bridge between the proof theory and semantics of ALm

⊏ .

3.5 The ALr

⊏-semantics

Recall that U(Γ) =
⋃
Φ(Γ) – see page 6 –, where U(Γ) is associated with ALr

and Φ(Γ) with ALm. In view of Theorem 1, this implies that an abnormality
is unreliable iff it is verified by a ⊂-minimally abnormal model: U(Γ) = {A ∈
Ω |M 
+ A for a M ∈ MALm(Γ)}.

Let us now take a look at ALr
⊏. Just as U(Γ), the set of ⊏-unreliable

abnormalities can be characterized in two equivalent ways: (i) syntactically, as
the union of all the members of Φ⊏(Γ) and (ii) semantically, as the set of those
abnormalities that are verified by a ⊏-minimally abnormal model. To simplify
the meta-theory and to stay as close as possible to the standard format, we will
use (i) as the official definition of the set of ⊏-unreliable abnormalities:

Definition 10 U⊏(Γ) =
⋃

Φ⊏(Γ)

By Theorem 9, U⊏(Γ) = {A ∈ Ω | M 
+ A for a M ∈ MALm
⊏
(Γ)}. We can

now define the set of ALr
⊏-models of Γ as we did for MALr(Γ):

Definition 11 M ∈ MALr
⊏
(Γ) iff (M ∈ MLLL(Γ) and Ab(M) ⊆ U⊏(Γ))

In view of Theorem 8, the fact that U(Γ) =
⋃
Φ(Γ) and Definition 10, we

obtain:

Theorem 11 U⊏(Γ) ⊆ U(Γ)

Theorem 12 Every ALr
⊏-model of Γ is a ALr-model of Γ.

Let us reconsider the example from Section 3.3 from the viewpoint of the
Kr

⊏-semantics. In view of the above definitions, it is required that we first look
at the minimal Dab-consequences of a set Γ, to find the set of ⊏-unreliable
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formulas. The set Γ2 = {p ⊃ q, q ∨ s, p ⊃ s,♦p,♦(¬q ∧ r),♦♦s,♦♦¬s} has four
minimal Dab-consequences: !1p ∨̌ !1¬q, !1p ∨̌ !2¬s, !1¬q ∨̌ !2¬s, and !2s ∨̌ !2¬s.

Hence Σ(Γ2) = {{!1p, !1¬q}, {!1p, !2¬s}, {!1¬q, !2¬s}, {!2s, !2¬s}}. The set
of ⊏-minimal choice sets of Σ(Γ2) is Φ⊏(Γ2) = {{!1¬q, !2¬s}, {!1p, !2¬s}}. Re-
mark that these sets correspond to the ⊏-minimal abnormal modelsM1 andM7

depicted in Table 1. As a result, U⊏(Γ2) = {!1p, !1¬q, !2¬s}.
This means that all ⊏-reliable models falsify !2s, whence in view of Γ2, they

verify s. Hence s is also a semantic Kr
⊏-consequence of Γ2. Note however that

MKr
⊏
(Γ2) 6= MKm

⊏
(Γ2): for the model M3 represented in Section 3.3, we have

that M3 ∈ MKr
⊏
(Γ2)−MKm

⊏
(Γ2). This implies that p ∨ ¬q is not a semantic

Kr
⊏-consequence of Γ2.

4 A Proof Theory for AL⊏

4.1 The Generic Proof Theory for AL⊏

One of the merits of the standard format is that it provides every logic in this
format with a sound and complete proof theory. This proof theory explicates
the defeasible reasoning methods the logics were developed for. In what follows,
we will present a proof theory that does the same for logics in the AL⊏-format.

The inference rules of a AL⊏-proof are identical to those of a AL-proof –
see page 7. The concept of a line, a stage, a proof and an extension of a proof
in the AL⊏-format are also inherited from the standard format. As a result,
Lemma 1 holds also for AL⊏-proofs. This implies that apart from the marks,
every AL-proof is a AL⊏-proof and vice versa.

The distinctive feature of an AL⊏-proof lies in its marking definition. Let
Σs(Γ) be defined as in Section 2.

Definition 12 Φ⊏
s (Γ) is the set of ⊏-minimal choice sets of Σs(Γ).

In the appendix, we prove that for every Γ and at every stage s of a AL⊏-
proof from Γ, Φ⊏

s (Γ) 6= ∅. Of course, it may be the case that Φ⊏
s (Γ) = {∅}, i.e.

whenever Σs(Γ) = ∅. Marking in view of ALm
⊏ is now done in the same way as

for ALm, replacing Φs(Γ) by Φ⊏
s (Γ):

Definition 13 ALm
⊏ -Marking: a line l with formula A is marked at stage s iff,

where its condition is ∆: (i) no ϕ ∈ Φ⊏
s (Γ) is such that ϕ ∩∆ = ∅, or (ii) for

a ϕ ∈ Φ⊏
s (Γ), there is no line on which A is derived on a condition Θ for which

Θ ∩ ϕ = ∅.

The set of ⊏-unreliable formulas at stage s is defined as the union of the
members of Φ⊏

s (Γ):

Definition 14 U⊏
s (Γ) =

⋃
Φ⊏

s (Γ)

Definition 15 ALr
⊏-Marking: a line l with formula A is marked at stage s iff,

where its condition is ∆, ∆ ∩ U⊏
s (Γ) 6= ∅.
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Derivability at a stage and final derivability are defined as for AL – see
Definitions 5 and 6. This gives us the relation Γ ⊢AL⊏

A.
The following is an immediate consequence of Lemma 2:

Fact 2 At every stage s of a proof from Γ, Φ⊏
s (Γ) ⊆ Φs(Γ).

This fact implies that at every stage s of a proof from Γ, we can first check
which choice sets of Σs(Γ) are ⊂-minimal, and only afterwards select the subset
of ⊏-minimal choice sets from these. Also, from Fact 2, the fact that at every
stage s, Us(Γ) =

⋃
Φs(Γ) and Definition 14, we can derive:

Fact 3 At every stage s of a proof from Γ, U⊏
s (Γ) ⊆ Us(Γ).

Facts 2 and 3 imply that whenever a line is unmarked in anALx-proof (where
x ∈ {r,m}), it is unmarked in an ALx

⊏-proof as well – recall that apart from
the marking, these proofs are interchangeable. Hence if something is (finally)
derived in an ALx-proof, then it is finally derived in an ALx

⊏-proof as well.
This allows us to safely infer:

Theorem 13 Where x ∈ {r,m}: CnALx(Γ) ⊆ CnALx
⊏
(Γ).

4.2 Example of a K⊏-proof

⊏-Minimal Abnormality. To illustrate the new marking definitions, let us take
a look at a particular Km

⊏ -proof from Γ2 = {p ⊃ q, q ∨ s, p ⊃ s,♦p,♦(¬q ∧
r),♦♦s,♦♦¬s}:

1 q ∨ s PREM ∅
2 ♦(¬q ∧ r) PREM ∅
3 ♦¬q 2;RU ∅
4 ¬q 3;RC {!1¬q}
5 s 1,4;RU {!1¬q}
6 ♦♦¬s PREM ∅
7 !1¬q ∨̌ !2¬s 1,3,6;RU ∅

Note that Σ7(Γ2) = {{!1¬q, !2¬s}}. This implies that the set of ⊏-minimal
choice sets at stage 7, Φ⊏

7 (Γ2) only contains one member, i.e. {!2¬s} – note that
{!2¬s} ⊏ {!1¬q}. Since the condition of line 5 has an empty intersection with
this set, line 5 is unmarked.

Suppose we extend the proof as follows (we repeat from line 5 on):

5 s 1,4;RU {!1¬q} X
10

6 ♦♦¬s PREM ∅
7 !1¬q ∨̌ !2¬s 1,3,6;RU ∅
8 p ⊃ q PREM ∅
9 ♦p PREM ∅
10 !1p ∨̌ !1¬q 3,8,9;RU ∅
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Σ10(Γ2) = {{!1¬q, !2¬s}, {!1p, !1¬q}}, whence there are two⊏-minimal choice
sets at this stage: Φ10(Γ2) = {{!1¬q}, {!1p, !2¬s}}. In view of the first choice
set, line 5 is marked. We can however further extend the proof such that line 5
is again unmarked:

5 s 1,4;RU {!1¬q}
...

...
...

...

10 !1p ∨̌ !1¬q 3,8,9;RU ∅
11 p 9;RC {!1p}
12 p ⊃ s PREM ∅
13 s 11,12;RU {!1p}

Note that since no new Dab-formula has been derived, Φ13(Γ2) = Φ10(Γ2).
However, s is now also derived on a condition that has an empty intersection
with {!1¬q}. As a result, lines 5 and 13 are unmarked.

⊏-Reliability. If the marking definition for ⊏-Reliability is applied, the above
proof does not suffice to finally derive s. That is, U⊏

13(Γ2) =
⋃
Φ⊏

13(Γ2) =
{!1p, !1¬q, !2¬s}. As a result, both line 5 and line 13 are marked.

Nevertheless, s is finally derivable in a Kr
⊏-proof from Γ. To show how, let

us recapitulate lines 5–15 from the above proof, but now mark lines according
to Definition 15:

5 s 1,4;RU {!1¬q} X
15

...
...

...
...

11 p 9;RC {!1p} X
15

12 p ⊃ s PREM ∅
13 s 11,12;RU {!1p} X

15

14 ♦♦s PREM ∅
15 s 14;RC {!2s}

Note that this time, lines 5 and 13 are marked. However, we have derived s
on a condition that is not ⊏-unreliable at stage 15. As we explained in Section
3, !2s is not contained in any ⊏-minimal choice set of Σ(Γ2). This warrants that
s is finally derived in the proof. To explain why, let us look at an extension of
the proof:

15 s 14;RC {!2s} X
16

16 !2s ∨̌ !2¬s 6,14;RU ∅

Σ16(Γ2) = {{!1¬q, !2¬s}, {!1p, !1¬q}, {!2s, !2¬s}}, whence Φ⊏
16(Γ2) =

{{!1p, !2¬s}, {!1¬q, !2s}, {!1¬q, !2¬s}}. As a result, U⊏
16(Γ2) = {!1p, !1¬q, !2s, !2¬s}.

However, it suffices to derive the fourth minimal Dab-consequence of Γ2 (see
page 18) to undo the marking of line 15:
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15 s 14;RC {!2s}
16 !2s ∨̌ !2¬s 6,14;RU ∅
17 !1p ∨̌ !2¬s 6,9,12;RU ∅

At stage 17, all minimal Dab-consequences of Γ2 have been derived, whence
U⊏
17(Γ2) = U⊏(Γ2) = {!1p, !1¬q, !2¬s} – see Section 3.5. As a result, line 15 is

unmarked again and will remain unmarked in every further extension of this
proof.

4.3 The Standard Format as a Border Case

In the introduction, we mentioned that the standard format of is a border case of
the format for prioritized ALs we introduced above. Let us briefly spell out why
this holds. Consider the sequence of sets of abnormalities: S = 〈Ωi〉i∈I , where
Ωi = Ωj for every i, j ∈ I. Note that this is the case e.g. whenever I = {1}, i.e.
whenever there is only one set in the sequence. As before, let Ω =

⋃
i∈I Ωi. We

leave it to the reader to prove that in this case (†) ∆ ⊏ ∆′ iff ∆ ⊂ ∆′.
For the sake of clarity, let us use the name BALx

⊏ for the border case logic
defined by (i) LLL, (ii) S and (iii) a strategy x ∈ {r,m}. By (†) and Definitions
2 and 8, we immediately have that MBALm

⊏
(Γ) = MALm(Γ). Also, since in this

case Φ⊏(Γ) = Φ(Γ), we have by Definition 10 that U⊏(Γ) = U(Γ). This implies
by Definitions 1 and 11 that MBALr

⊏
(Γ) = MALr(Γ).

Similar results can be established for the proof theory. In view of Definition
9, it easy to see that by (†), for every stage s of a proof from Γ, Φ⊏

s (Γ) = Φs(Γ).
From this and Definition 14, it follows that U⊏

s (Γ) = Us(Γ). Hence, where
x ∈ {r,m}, a line is unmarked in a ALx-proof, iff it is unmarked in a BALx

⊏-
proof. This implies that where x ∈ {r,m}, CnBALx

⊏
(Γ) = CnALx(Γ).

So every AL in standard format is equivalent to a logic in the new format.
Remark that the equivalence is not restricted to the respective consequence sets,
but to all the crucial concepts in the semantics and proof theory of both logics.
This implies that all the meta-theoretic properties of AL⊏ hold for AL as well.

5 Meta-Theory of AL⊏

In this section, we show that all the meta-theoretic properties discussed in Sec-
tion 2 hold for AL⊏ as well. Since we already discussed the meaning and
importance of these properties, we will simply state them here. We refer to the
second appendix for their proofs – some of these are variations of proofs from the
meta-theory of the standard format (see [7] for their most recent formulation).

Theorem 14 If Γ ⊢AL⊏
A, then Γ |=AL⊏

A. (Soundness)

Theorem 15 Where Γ ⊆ W: if Γ |=AL⊏
A, then Γ ⊢AL⊏

A. (L-Completeness)

Theorem 16 IfM ∈ MLLL+(Γ)−MAL⊏
(Γ), then there is anM ′ ∈ MAL⊏

(Γ)
such that Ab(M ′) ⊏ Ab(M). (Strong Reassurance)
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Theorem 17 Γ ⊆ CnAL⊏
(Γ) (Reflexivity)

Theorem 18 Where Γ ⊆ W: if Γ′ ⊆ CnAL⊏
(Γ), then CnAL⊏

(Γ) = CnAL⊏
(Γ∪

Γ′) (Cautious Indifference)

Theorem 19 Where Γ ⊆ W: CnAL⊏
(CnAL⊏

(Γ)) = CnAL⊏
(Γ). (Fixed Point

/ Idempotence)

Theorem 20 Where Γ ⊆ W: if Γ ∪ {A} ⊢ALm
⊏
B, then Γ ⊢ALm

⊏
¬̌A ∨̌B.

(Deduction Theorem for ALm
⊏ )13

Theorem 21 Each of the following holds:

1. CnLLL+(Γ) ⊆ CnALr
⊏
(Γ) ⊆ CnALm

⊏
(Γ) ⊆ CnULL(Γ)

2. CnLLL+(Γ) ⊆ CnALr(Γ) ⊆ CnALr
⊏
(Γ) ⊆ CnULL(Γ)

3. CnLLL+(Γ) ⊆ CnALm(Γ) ⊆ CnALm
⊏
(Γ) ⊆ CnULL(Γ)

Theorem 22 If Γ is normal, then CnAL⊏
(Γ) = CnULL(Γ).

Theorem 23 Where Γ,Γ′ ⊆ W, CnAL⊏
(Γ) = CnAL⊏

(Γ′) if one of the follow-
ing holds:

(C1) Γ′ ⊆ CnAL⊏
(Γ) and Γ ⊆ CnAL⊏

(Γ′)
(C2) Where L is a Tarski-logic weaker than or identical to AL⊏: CnL(Γ) =

CnL(Γ
′)

(C3) Where L is a Tarski-logic and for every Θ ⊆ W, CnAL⊏
(Θ) =

CnL(CnAL⊏
(Θ)): CnL(Γ) = CnL(Γ

′)

6 Conclusion and Outlook

Let us briefly summarize our main results. We have developed a new format for
prioritized ALs, that includes the standard format as a border case. We proved
that the most central properties of the standard format hold for the new format
as well. Many of these, notably soundness and completeness, were proven in-
dependently of previous results. Apart from that, the new format offers all the
advantages that make (flat) ALs so attractive, e.g. their straightforward seman-
tics and a proof theory that mirrors the dynamic aspects of human reasoning.

In our paper, we only presented one particular logic K⊏. This logic can be
used to explicate reasoning with prioritized belief bases or background knowl-
edge. However, the AL⊏-format can be applied in a broad variety of other
contexts: hierarchies of imperatives, prioritized combinations of deontic and
doxastic logics, abduction and inductive generalization, etc. As a result, a huge
range of defeasible reasoning forms can be studied from the viewpoint of this
unifying framework.

13The Deduction Theorem does not hold for ALr
⊏. This follows immediately in view of the

fact that it does not hold for ALr – see [4, Theorem 13.3] – and the fact that every logic ALr

is a logic in the extended format as well – see Section 4.3.
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Many issues still require our consideration, such as computational complexity
[28], decision procedures for final derivability [2], proof heuristics [10], and so
on. Although the proof of the pudding will be in the eating, it is likely that
AL⊏ will resemble AL in these respects, in view of their structural similarity.
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APPENDIX

A Φ⊏
s (Γ) 6= ∅ and Φ⊏(Γ) 6= ∅

As promised, we prove here that Φ⊏
s (Γ) 6= ∅ at every stage s of a proof from

Γ. From this, it follows almost immediately that Φ⊏(Γ) 6= ∅ – see Theorem 25.
The latter property is called upon in the proof of Lemma 9 below.

Lemma 5 Where (1) Σ = {∆1,∆2, . . .} is a set of sets and (2) ϕ is a choice
set of Σ: (3) for every A ∈ ϕ, there is a ∆ ∈ Σ for which ∆ ∩ ϕ = {A} iff (4)
ϕ is a minimal choice set of Σ.

Proof. Suppose (1) and (2) hold. (⇒) Suppose (3) holds, and consider a ϕ′ ⊂ ϕ
and a B ∈ ϕ,B 6∈ ϕ′. By (3), there is a ∆ ∈ Σ for which ∆∩ϕ = {B} and hence
∆ ∩ ϕ′ = ∅. This implies that ϕ′ is not a choice set of Σ. As a result, ϕ is a
minimal choice set of Σ. (⇐) Suppose (3) is false, whence there is a B ∈ ϕ such
that, for no ∆ ∈ Σ, ϕ ∩∆ = {B}. In that case for every ∆ for which B ∈ ∆,
there is a C ∈ ϕ − {B} such that C ∈ ∆. Hence ϕ − {B} is a choice set of Σ,
hence ϕ is not a minimal choice set of Σ.

Let Ω1 = Ω1. For all i ∈ I, i > 1, let Ωi = Ωi−(Ω1∪. . .∪Ωi−1). Where i ∈ I,
a Dabi-formula is the classical disjunction of the members of ∆ ⊂ (Ω1∪. . .∪Ωi).
Where Dab(∆1), Dab(∆2), . . . are the minimal Dabi-formulas at stage s of a
proof of from Γ, let Σi

s(Γ) = {∆1,∆2, . . .}. Note that Σ1
s(Γ) ⊆ Σ2

s(Γ) ⊆ . . .. Let
Φi

s(Γ) be the set of minimal choice sets of Σi
s(Γ).

Note that for each ∆ ∈ Σi+1
s (Γ)−Σi

s(Γ), ∆∩Ωi+1 6= ∅. Where ϕ ∈ Φi
s(Γ), let

Φ
i+1

ϕ,s (Γ) be the set of minimal choice sets of {∆∩Ωi+1 | ∆ ∈ Σi+1
s (Γ), ϕ∩∆ = ∅}.

As before, if the latter set is empty we have that Φ
i+1

ϕ,s (Γ) = {∅}.

Lemma 6 For all ϕ ∈ Φi
s(Γ) and all ϕ′ ∈ Φ

i+1

ϕ,s (Γ), ϕ ∪ ϕ′ ∈ Φi+1
s (Γ).

Proof. Let ϕ ∈ Φi
s(Γ) and consider an arbitrary ϕ′ ∈ Φ

i+1

ϕ,s (Γ). Suppose ∆ ∩

ϕ = ∅ for a ∆ ∈ Σi+1
s (Γ). Then ∆ /∈ Σi

s(Γ) since ϕ ∈ Φi
s(Γ). In this case

∆ ∩ Ω
i+1

6= ∅. Hence ϕ′ ∩∆ 6= ∅, since ϕ′ ∈ Φ
i+1

ϕ,s . Hence ϕ ∪ ϕ′ is a choice set

of Σi+1
s (Γ).
By the right-left direction of Lemma 5 and the fact that ϕ ∈ Φi

s(Γ), for every
A ∈ ϕ there is a ∆ ∈ Σi

s(Γ) such that ∆ ∩ ϕ = {A}. Moreover, for all these ∆,
ϕ′ ∩∆ = ∅, since ϕ′ ⊆ Ωi+1. Finally, Σ

i
s(Γ) ⊆ Σi+1

s (Γ), which gives us:

(1) for every A ∈ ϕ there is a ∆ ∈ Σi+1
s (Γ) such that ∆ ∩ (ϕ ∪ ϕ′) = {A}.

From the right-left direction of Lemma 5: for every A ∈ ϕ′, there is a Θ ∈ Φ
i+1

ϕ,s

such that Θ∩ϕ′ = {A}, where Θ = ∆∩Ωi+1 for a ∆ ∈ Σi+1
s (Γ). Since ϕ′ ⊆ Ωi+1,

∆ ∩ ϕ′ = {A}. Moreover, in view of the definition of Φ
i+1

ϕ,s , ∆ ∩ ϕ = ∅. Hence
we have:
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(2) for every A ∈ ϕ′, there is a ∆ ∈ Σi+1
s (Γ) such that ∆ ∩ (ϕ ∪ ϕ′) = {A}.

By (1) and (2): for every A ∈ ϕ∪ϕ′, there is a ∆ ∈ Σi+1
s (Γ) such that ∆∩ (ϕ∪

ϕ′) = {A}. By the left-right direction of Lemma 5, ϕ ∪ ϕ′ is a minimal choice
set of Σi+1

s (Γ), hence ϕ ∪ ϕ′ ∈ Φi+1
s (Γ).

Theorem 24 For every stage s of a proof from Γ, Φ⊏
s (Γ) 6= ∅.

Proof. Note that at every stage s of a proof, Σ1
s(Γ) is a set of finite sets. By

Fact 1, Φ1
s(Γ) 6= ∅. Let ϕ1 ∈ Φ1

s(Γ), and for all i > 1, let ϕj be some arbitrary

element in Φ
i

ϕi−1,s
. Consider ϕ⊕ = ϕ1 ∪ ϕ2 ∪ . . .. Note that for every i ∈ I,

ϕi ⊆ Ωi. As a result, for every i ∈ I, ϕ⊕∩ (Ω1∪ . . .∪Ωi) = ϕ1∪ . . .∪ϕi, whence
by Lemma 6, (†) ϕ⊕ ∩ (Ω1 ∪ . . . ∪ Ωi) ∈ Φi

s(Γ).
Let ∆ ∈ Σs(Γ). Then there is an i ∈ I such that ∆ ⊆ Ωi. It follows

immediately by (†) that ϕ⊕ ∩∆ 6= ∅. Hence ϕ⊕ is a choice set of Σs(Γ).
Suppose ϕ⊕ /∈ Φ⊏

s (Γ). Hence there is a choice set of Σs(Γ), say ψ, such that
for an i ∈ I, ψ ∩ Ωj = ϕ⊕ ∩ Ωj for all j < i and ψ ∩ Ωi ⊂ ϕ⊕ ∩ Ωi. Note that
since Σi

s(Γ) ⊆ Σs(Γ), ψ is a choice set of Σi
s(Γ), whence also ψ ∩ (Ω1 ∪ . . .∪Ωi)

is a choice set of Σi
s(Γ). This however implies that ϕ⊕ ∩ (Ω1 ∪ . . .∪Ωi) is not a

minimal choice set of Σi
s(Γ), which contradicts (†).

Theorem 25 For every Γ, Φ⊏(Γ) 6= ∅.

Proof. Consider a AL⊏-proof from Γ in which every minimal Dab-consequence
of Γ has been derived at stage s. Note that Σs(Γ) = Σ(Γ). By Definitions 9
and 12, Φ⊏

s (Γ) = Φ⊏(Γ). By Theorem 24, Φ⊏(Γ) 6= ∅.

B Meta-theory of AL⊏

B.1 Soundness and Completeness

We first prove soundness and restricted completeness for ALm
⊏ , next we prove

these two properties for ALr
⊏.

B.1.1 Minimal Abnormality

Lemma 7 For every Γ ⊆ W: if Γ ⊢LLL+ A ∨̌Dab(∆) and ∆ ∩ ϕ = ∅ for a
ϕ ∈ Φ⊏(Γ), then there is a finite ALm

⊏ -proof from Γ in which A is derived on
the condition ∆ at an unmarked line.

Proof. Suppose the antecedent holds. Due to the compactness of LLL+, there
is a Γ′ = {A1, . . . , An} ⊆ Γ such that Γ′ ⊢LLL+ A ∨̌Dab(∆). Let the adaptive
proof p be constructed as follows. At line 1 we introduce the premise A1 by
PREM, . . . , and at line n we introduce the premise An by PREM. At line n+1
we derive A by RC on the condition ∆. Let s be the stage consisting of lines 1
up to n + 1. Since Γ′ ⊆ Γ ⊆ W , all Dab-formulas B1, . . . , Bm that have been
derived at stage s (if any) are members of Ω. Hence Φ⊏

s (Γ
′) = {{B1, . . . , Bm}}.
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Due to the monotonicity of LLL+, also Γ ⊢LLL+ Bi for all these abnormalities
Bi. Then {B1, . . . , Bm} ⊆ ψ for all ψ ∈ Φ⊏(Γ). Since ϕ∩∆ = ∅ and ϕ ∈ Φ⊏(Γ),
also ∆ ∩ {B1, . . . , Bm} = ∅. Thus, line n+ 1 is unmarked.

Lemma 8 If Γ ⊢ALm
⊏
A, then each of the following holds:

1. A is derivable on a line l of a finite ALm
⊏ -proof from Γ, on a condition ∆

such that ∆ ∩ ϕ = ∅ for a ϕ ∈ Φ⊏(Γ)
2. For every ϕ ∈ Φ⊏(Γ), there is a finite ∆ ⊆ Ω − ϕ such that Γ ⊢LLL+

A ∨̌Dab(∆).

Proof. Suppose Γ ⊢ALm
⊏
A. By Definition 5, there is a finite ALm

⊏ - proof p

from Γ, such that (i) A is derived in this proof on an unmarked line l with a
condition ∆, (ii) every extension of the proof in which line l is marked can be
further extended such that line l is unmarked again. We now extend p to a stage
s such that all minimal Dab-consequences are derived on the empty condition.
Note Φ⊏

s (Γ) = Φ⊏(Γ) and that at every later stage s′, Φ⊏
s′(Γ) = Φ⊏

s (Γ).
Ad 1. Suppose there is no ϕ ∈ Φ⊏(Γ) such that ∆ ∩ ϕ = ∅. By Definition 13,
line l is marked at stage s and at every later stage s′, which contradicts (ii).
Ad 2. Suppose there is a ϕ ∈ Φ⊏(Γ) for which there is no ∆ ⊆ Ω such that
Γ ⊢LLL+ A ∨̌Dab(∆) and ∆∩ϕ = ∅. By Definition 13 line l is marked at stage
s, and we cannot further extend the proof such that line l is unmarked – this
again contradicts (ii).

Lemma 9 Where Γ ⊆ W: if for every ϕ ∈ Φ⊏(Γ), there is a finite ∆ ⊆ Ω− ϕ
such that Γ ⊢LLL+ A ∨̌Dab(∆), then Γ ⊢ALm

⊏
A.

Proof. Suppose that for every ϕ ∈ Φ⊏(Γ) there is a finite ∆ϕ ⊆ Ω−ϕ for which
Γ ⊢LLL+ A ∨̌Dab(∆ϕ). Due to Lemma 7, for every such ∆ϕ there is a finite
ALm

⊏ -proof from Γ in which A is derived on the condition ∆ϕ at an unmarked
line l. Let p be any such proof (since Φ⊏(Γ) is non-empty by Theorem 25, there
is at least one). Suppose the proof is extended to a stage s in which line l is
marked. We extend the proof further to a stage s′ in which (i) all minimal Dab-
formulas have been derived on the empty condition, and (ii) for all ϕ ∈ Φ(Γ),
A has been derived on the condition ∆ϕ. By Definition 13, line l is unmarked
at stage s′.

Theorem 26 If Γ ⊢ALm
⊏
A, then Γ |=ALm

⊏
A. (Soundness)

Proof. Suppose Γ ⊢ALm
⊏
A. If MALm

⊏
(Γ) = ∅, the theorem follows immediately.

Suppose MALm
⊏
(Γ) 6= ∅. Let M ∈ MALm

⊏
(Γ), whence M ∈ MLLL+(Γ). By

Theorem 9, Ab(M) ∈ Φ⊏(Γ). By Lemma 8.2, there is a ∆ ⊆ Ω such that
Ab(M)∩∆ = ∅ and Γ ⊢LLL+ A ∨̌Dab(∆). By the soundness of LLL+, Γ |=LLL+

A ∨̌Dab(∆). Since M ∈ MLLL+(Γ) and M 
+ ¬̌Dab(∆), M 
+ A.

Definition 16 Where ϕ ∈ Φ(Γ): Mϕ = {M ∈ MLLL+(Γ) | Ab(M) = ϕ}

Lemma 10 Where ϕ ∈ Φ(Γ): if M is a LLL+-model of Γ ∪ (Ω − ϕ)¬̌, then
M ∈ Mϕ.

26



Proof. Suppose (†) ϕ ∈ Φ(Γ) and M is a LLL+-model of Γ ∪ (Ω− ϕ)¬̌. Hence
(1) M ∈ MLLL+(Γ). Note that Ab(M) ⊆ ϕ. By Lemma 3, Ab(M) is a choice
set of Σ(Γ), whence by (†), Ab(M) 6⊂ ϕ. Hence (2) Ab(M) = ϕ. By (1) and (2),
M ∈ Mϕ.

Lemma 11 Where ϕ ∈ Φ(Γ): if all members of Mϕ verify A, then Γ ⊢LLL+

A ∨̌Dab(∆) for a ∆ ⊆ Ω− ϕ.

Proof. Suppose all members of Mϕ verify A. By Lemma 10, all LLL+-models
of Γ ∪ (Ω− ϕ)¬̌ verify A. This implies by the completeness of LLL+: Γ ∪ (Ω−
ϕ)¬̌ ⊢LLL+ A. By the compactness of LLL+, Γ′∪∆¬̌ ⊢LLL+ A, for a finite Γ′ ⊆
Γ and a finite ∆ ⊆ Ω− ϕ. By the Deduction Theorem, Γ′ ⊢LLL+ A ∨̌Dab(∆),
and by the monotonicity of LLL+, Γ ⊢LLL+ A ∨̌Dab(∆).

Theorem 27 Where Γ ⊆ W: if Γ |=ALm
⊏
A, then Γ ⊢ALm

⊏
A. (L-Completeness)

Proof. Suppose (†) Γ |=ALm
⊏
A. Consider a ϕ ∈ Φ⊏(Γ). By Theorem 8,

ϕ ∈ Φ(Γ). By Theorem 9, we have that for every M ∈ Mϕ, M ∈ MALm
⊏
(Γ).

In view of (†), it follows that for every M ∈ Mϕ, M 
+ A. By Lemma 11,
Γ ⊢LLL+ A ∨̌Dab(∆) for a ∆ ⊆ Ω− ϕ. Since this holds for all ϕ ∈ Φ⊏(Γ), we
obtain by Lemma 9 that Γ ⊢ALm

⊏
A.

B.1.2 Reliability

Lemma 12 Where Γ ⊆ W: if Γ ⊢LLL+ A ∨̌Dab(∆) and ∆ ∩ U⊏(Γ) = ∅, then
each of the following holds:

1. There is a finite ALr
⊏-proof from Γ in which A is derived on the condition

∆ at an unmarked line
2. Γ ⊢ALr

⊏
A

Proof. Ad 1. The proof proceeds analogous to the proof for Lemma 7. We again
construct the proof p as above. Note that since Γ ⊢LLL+ Bi for all the derived
abnormalities Bi, U

⊏
s (Γ′) = {B1, . . . , Bm} ⊆ U⊏(Γ). Since ∆∩U⊏(Γ) = ∅, also

∆ ∩ U⊏
s (Γ′) = ∅. Thus, line n+ 1 is unmarked.

Ad 2. Suppose that there is a finite ∆ ⊆ Ω such that Γ ⊢LLL+ A ∨̌Dab(∆) and
∆∩U⊏(Γ) = ∅. By item 1, there is a finite proof from Γ such that A is derived
on the condition ∆, on an unmarked line l. Suppose the proof is extended such
that line l becomes marked. In that case, we can further extend the proof,
deriving every minimal Dab-consequence of Γ. Then where s′ is the stage of the
second extension, U⊏

s′ (Γ) = U⊏(Γ), whence line l is unmarked again.

Lemma 13 If Γ ⊢ALr
⊏
A, then A is derivable in a ALr

⊏-proof p from Γ on line
l with condition ∆ such that ∆ ∩ U⊏(Γ) = ∅.

Proof. Suppose that Γ ⊢ALr
⊏
A. So A is finally derived on line l of a ALr

⊏-proof
from Γ. Let ∆ be the condition of line l. Suppose that ∆∩U⊏(Γ) 6= ∅. In that
case, we can extend p to a stage s such that every minimal Dab-consequence
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of Γ is derived in it. We have that U⊏
s (Γ) = U⊏(Γ) and for all later stages s′,

U⊏
s′ (Γ) = U⊏

s (Γ). As a result, line l is marked at stage s and remains marked in
every further extension of the proof, which contradicts the antecedent in view
of Definition 5.

Theorem 28 Γ |=ALr
⊏
A iff Γ |=LLL+ A ∨̌Dab(∆) for a finite ∆ such that

∆ ∩ U⊏(Γ) = ∅.

Proof. (⇒) Suppose that Γ |=ALr
⊏
A, whence for every M ∈ MALr

⊏
(Γ), M 
+

A. By Definition 11, for every M ∈ MLLL+(Γ) such that Ab(M) ⊆ U⊏(Γ),
M 
+ A. Then Γ ∪ (Ω − U⊏(Γ))¬̌ |=LLL+ A. As LLL+ is compact, Γ′ ∪
(∆)¬̌ |=LLL+ A for a finite Γ′ ⊆ Γ and a finite ∆ ⊆ (Ω − U⊏(Γ)). Hence
Γ′ |=LLL+ A ∨̌Dab(∆). So, as LLL+ is monotonic, Γ |=LLL+ A ∨̌Dab(∆).

(⇐) Suppose there is a finite ∆ ⊆ Ω such that Γ |=LLL+ A ∨̌Dab(∆) and
∆ ∩ U⊏(Γ) = ∅. Note that by Definition 11, for every M ∈ MALr

⊏
(Γ), M 
+

¬̌Dab(∆). This implies that M 
+ A and we are done.

Theorem 29 If Γ ⊢ALr
⊏
A, then Γ |=ALr

⊏
A. (Soundness)

Proof. Suppose Γ ⊢ALr
⊏
A. By Lemma 13, A is derivable in a ALr

⊏-proof p
from Γ on line l with condition ∆ such that ∆ ∩ U⊏(Γ) = ∅. By Lemma 1
Γ ⊢LLL+ A ∨̌Dab(∆). By the soundness of LLL+, Γ |=LLL+ A ∨̌Dab(∆). By
Theorem 28, Γ |=ALr

⊏
A.

Theorem 30 Where Γ ⊆ W: if Γ |=ALr
⊏
A, then Γ ⊢ALr

⊏
A. (L-Completeness)

Proof. Suppose Γ |=ALr
⊏
A. By Theorem 28, Γ |=LLL+ A ∨̌Dab(∆) for a ∆

such that ∆∩U⊏(Γ) = ∅. By the completeness of LLL+, Γ ⊢LLL+ A ∨̌Dab(∆).
By Lemma 12.2, Γ ⊢ALr

⊏
A.

B.2 Strong Reassurance

As in the previous secion, we first prove the property for ⊏-Minimal Abnormal-
ity, and next for ⊏-Reliability. Where i ∈ I, let the flat adaptive logic ALm

i
be

defined by (i) LLL, (ii) Ωi and (iii) Minimal Abnormality. The proof of Strong
Reassurance for ALm

⊏ relies on the Strong Reassurance property of each of these
flat adaptive logics.

Theorem 31 IfM ∈ MLLL+(Γ)−MALm
⊏
(Γ), then there is anM ′ ∈ MALm

⊏
(Γ)

such that Ab(M ′) ⊏ Ab(M).

Proof. Suppose M ∈ MLLL+(Γ)−MALm
⊏
(Γ). Let M be the set of all M ′ ∈

MLLL+(Γ) such that Ab(M ′) ⊏ Ab(M). M 6= ∅ since M /∈ MALm
⊏
(Γ). By

Definition 7, there is an iM ′ ∈ I for each M ′ ∈ M such that for all j < iM ′ ,
Ab(M) ∩ Ωj = Ab(M ′) ∩ Ωj , and Ab(M ′) ∩ Ωi

M′
⊂ Ab(M) ∩ Ωi

M′
. Let k =

min({iM ′ |M ′ ∈ M}) and M ′′ ∈ M be such that iM ′′ = k.
If k = 1 let Mk ∈ MALm

1
(Γ) such that Ab(Mk) ∩Ω1 ⊆ Ab(M ′′) ∩ Ω1.
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If k > 1, let for every i < k, ∆i = (Ωi −Ab(Mi))
¬̌ and Mi =M . Moreover,

let Mk ∈ MALm
k
(Γ ∪∆1 ∪ . . . ∪∆k−1) be such that Ab(Mk)∩Ωk ⊆ Ab(M ′′)∩

Ωk.
For every i ∈ I, i ≥ k let ∆i = (Ωi − Ab(Mi))

¬̌, where for all j ∈ I, j > k,
Mj is an arbitrary model in MALm

j
(Γ ∪∆1 ∪ . . . ∪∆j−1).

We show now by induction that for each i ∈ I, Mi and hence also ∆i are
well-defined. If k > 1, this is trivially so for all i < k.

“i = k”: Suppose first k = 1. Mk exists due to the strong reassurance
property that holds for ALm

1
. Suppose now k > 1. By the construction, M ′′ ∈

MLLL+(Γ ∪∆1 ∪ . . . ∪∆k−1). Mk exists due to the strong reassurance property
that holds for ALm

k
.

“i⇒ i+ 1”: By the induction hypothesis there is an Mi ∈ MALm

i
(Γ ∪∆1∪

. . . ∪∆i−1). Hence Mi ∈ MLLL+(Γ ∪∆1 ∪ . . . ∪∆i). Thus,
MLLL+(Γ ∪∆1 ∪ . . . ∪∆i) 6= ∅. Hence, by the reassurance property of ALm

i+1
,

MALm
i+1

(Γ ∪∆1 ∪ . . . ∪∆i) 6= ∅. Let Mi+1 ∈ MALm
i+1

(Γ ∪∆1 ∪ . . . ∪∆i) and

∆i+1 = (Ωi+1 −Ab(Mi+1))
¬̌.

For every finite subset Γ′ of Γ ∪
⋃

i∈I ∆i there is a j for which Γ′ ⊆ Γ ∪
∆1 ∪ . . . ∪ ∆j . Since Mj+1 ∈ MLLL+(Γ ∪∆1 ∪ . . . ∪∆j), MLLL+(Γ′) 6= ∅.
Then, by the compactness of LLL+, MLLL+(Γ ∪

⋃
i∈I ∆i) 6= ∅. Let M⋆ ∈

MLLL+(Γ ∪
⋃

i∈I ∆i). We will now show that (1) Ab(M⋆) ⊏ Ab(M) and that
(2) M⋆ ∈ MALm

⊏
(Γ).

(1) By the construction, for all i ∈ I, Ab(M⋆)∩Ωi ⊆ Ab(Mi)∩Ωi. Suppose
there is an i ∈ I for which Ab(M⋆) ∩ Ωi ⊂ Ab(Mi) ∩ Ωi. Suppose first that
i < k. In view of the construction, for all j < k, Ab(Mj) ∩ Ωj = Ab(M) ∩
Ωj , whence Ab(M⋆) ∩ Ωj ⊆ Ab(M) ∩ Ωj . But then M⋆ ∈ M which is a
contradiction to the minimality of k. Suppose hence that i ≥ k. Suppose
i = 1. Since M1 ∈ MALm

1
(Γ) and M⋆ ∈ MLLL+(Γ) this is a contradiction.

Suppose now that i > 1. Note that Mi ∈ MALm
i
(Γ ∪∆1 ∪ . . . ∪∆i−1) and

M⋆ ∈ MLLL+(Γ ∪∆1 ∪ . . . ∪∆i−1),—a contradiction. Hence (‡) for all i ∈ I,
Ab(M⋆) ∩ Ωi = Ab(Mi) ∩Ωi.

Since for all i < k, Ab(M⋆) ∩ Ωi = Ab(M) ∩ Ωi, and Ab(M⋆) ∩ Ωk =
Ab(Mk) ∩ Ωk ⊆ Ab(M ′′) ∩ Ωk ⊂ Ab(M) ∩ Ωk, we have Ab(M⋆) ⊏ Ab(M) by
Definition 7.

(2) Suppose there is an M ′′′ ∈ MLLL+(Γ) such that Ab(M ′′′) ⊏ Ab(M⋆).
Then there is an l ∈ I such that (i) for allm < l, Ab(M ′′′)∩Ωm = Ab(M⋆)∩Ωm

and (ii) Ab(M ′′′) ∩ Ωl ⊂ Ab(M⋆) ∩ Ωl. By the transitivity of ⊏, Ab(M ′′′) ⊏

Ab(M) and hence M ′′′ ∈ M. Thus, due to the minimality of k, l ≥ k. Suppose
l = 1 = k. Due to (ii) and (‡), Ab(M ′′′) ∩ Ω1 ⊂ Ab(M⋆) ∩ Ω1 = Ab(M1) ∩ Ω1.
This is a contradiction, since M1 ∈ MALm

1
(Γ). Suppose now l > 1. Note

that due to (i) and (‡), for all m < l, Ab(M ′′′) ∩ Ωm = Ab(M⋆) ∩ Ωm =
Ab(Mm)∩Ωm. Thus, M ′′′ ∈ MLLL+(Γ ∪∆1 ∪ . . . ∪∆l−1). Due to (ii) and (‡),
Ab(M ′′′) ∩ Ωl ⊂ Ab(M⋆) ∩ Ωl = Ab(Ml) ∩ Ωl. This is a contradiction, since
Ml ∈ MALm

l
(Γ ∪∆1 ∪ . . . ∪∆l−1). Hence M⋆ ∈ MALm

⊏
(Γ).

Lemma 14 MALm
⊏
(Γ) ⊆ MALr

⊏
(Γ).
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Proof. Suppose M ∈ MALm
⊏
(Γ). By Theorem 9, Ab(M) = ϕ for some ϕ ∈

Φ⊏(Γ). Hence Ab(M) ⊆
⋃
Φ⊏(Γ), whence by Definitions 10 and 11, M ∈

MALr
⊏
(Γ).

Theorem 32 IfM ∈ MLLL+(Γ)−MALr
⊏
(Γ), then there is anM ′ ∈ MALr

⊏
(Γ)

such that Ab(M ′) ⊏ Ab(M).

Proof. Suppose M ∈ MLLL+(Γ)−MALr
⊏
(Γ). By Lemma 14, M ∈ MLLL+(Γ)

−MALm
⊏
(Γ). By Theorem 31, there is a M ′ ∈ MALm

⊏
(Γ) such that Ab(M ′) ⊏

Ab(M). By Lemma 14, M ′ ∈ MALr
⊏
(Γ).

B.3 Reflexivity

Reflexivity follows immediately from the following property:

Theorem 33 CnLLL+(Γ) ⊆ CnAL⊏
(Γ) (LLL+ is weaker than or identical to

AL⊏)

Proof. Suppose Γ ⊢LLL+ A. By the compactness of LLL+, there is a finite
Γ′ ⊆ Γ such that Γ′ ⊢LLL+ A. We may introduce all the elements of Γ′ as
premises in a AL⊏-proof from Γ, using the rule PREM. We apply the rule RU
to these premises to derive A, say on a line l. Note that the condition of line
l is ∅, whence in view of marking definitions 13 and 15, line l is unmarked and
remains unmarked in every extension of the proof.

B.4 Cautious Indifference

We will first prove that Cautious Indifference holds for ALm
⊏ , and then that it

also holds for ALr
⊏. In what follows, Γ′ is an arbitrary subset of W+.

Theorem 34 If Γ′ ⊆ CnALm
⊏
(Γ), then MALm

⊏
(Γ) = MALm

⊏
(Γ ∪ Γ′).

Proof. Suppose (†) Γ′ ⊆ CnALm
⊏
(Γ). Consider a M ∈ MALm

⊏
(Γ ∪ Γ′). By

Definition 8, M ∈ MLLL+(Γ ∪ Γ′) and hence M ∈ MLLL+(Γ). Suppose
that M 6∈ MALm

⊏
(Γ). By Theorem 31, there is a M ′ ∈ MALm

⊏
(Γ) such that

Ab(M ′) ⊏ Ab(M). However, in view of (†), M ′ 
+ A for every A ∈ Γ′, whence
also M ′ ∈ MLLL+(Γ ∪ Γ′). By Definition 8, M 6∈ MALm

⊏
(Γ ∪ Γ′), which con-

tradicts the supposition.
Consider aM ∈ MALm

⊏
(Γ). By (†),M 
+ A for every A ∈ Γ′. By Definition

8, M is a LLL+-model of Γ. We thus obtain thatM is a LLL+-model of Γ∪Γ′.
SupposeM 6∈ MALm

⊏
(Γ ∪ Γ′). By Theorem 31, there is aM ′ ∈ MLLL+(Γ ∪ Γ′):

Ab(M ′) ⊏ Ab(M). Hence M ′ ∈ MLLL+(Γ). By Definition 8, M 6∈ MALm
⊏
(Γ),

whence we have obtained a contradiction.

Lemma 15 If Γ′ ⊆ CnALm
⊏
(Γ), then Φ⊏(Γ) = Φ⊏(Γ ∪ Γ′).
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Proof. Suppose Γ′ ⊆ CnALm
⊏
(Γ). If Γ has no LLL+-models, then Γ and Γ ∪ Γ′

are LLL+-trivial, whence Φ⊏(Γ) = {Ω} = Φ⊏(Γ ∪ Γ′).
If (1) Γ has LLL+-models, then in view of the reassurance of ALm

⊏ , there is
aM ∈ MALm

⊏
(Γ). By Theorem 34, M ∈ MALm

⊏
(Γ ∪ Γ′), whence also (2) Γ∪Γ′

has LLL+-models. By Theorem 34, MALm
⊏
(Γ) = MALm

⊏
(Γ ∪ Γ′). By (1), (2)

and Theorem 10, this means that Φ⊏(Γ) = Φ⊏(Γ ∪ Γ′).

Theorem 35 If Γ′ ⊆ CnALm
⊏
(Γ), then CnALm

⊏
(Γ) ⊆ CnALm

⊏
(Γ ∪ Γ′). (Cau-

tious Monotonicity)

Proof. Suppose Γ′ ⊆ CnALm
⊏
(Γ), whence by Lemma 15, (†) Φ⊏(Γ) = Φ⊏(Γ∪Γ′).

Suppose Γ ⊢ALm
⊏
A. By Lemma 8.2 and (†), we have that (‡) for every ϕ ∈

Φ⊏(Γ ∪ Γ′), Γ ⊢LLL+ A ∨̌Dab(∆) for a ∆ such that ϕ ∩ ∆ = ∅. By Lemma
8.1 and (‡), there is a finite ALm

⊏ -proof p from Γ such that A is derived at an
unmarked line l with condition ∆, and ∆ ∩ ϕ = ∅ for a ϕ ∈ Φ⊏(Γ ∪ Γ′). Note
that p is also a proof from Γ ∪ Γ′.

Suppose line l is marked in an extension of p. We may extend this extension
further such that (a) all minimal Dab-consequences of Γ∪Γ′ are derived on the
empty condition and (b) for every ϕ ∈ Φ⊏(Γ ∪ Γ′), A is derived on a condition
∆ such that ∆ ∩ ϕ = ∅ – this is possible in view of (‡). Let s be the stage of
this second extension of p.

Note that by (a), for every later stage s′, Φs′(Γ ∪ Γ′) = Φ(Γ ∪ Γ′). By (b),
at every later stage s′, for every ϕ ∈ Φs′(Γ ∪ Γ′), A is derived on a condition ∆
such that ∆ ∩ ϕ = ∅. By Definition 13, line l is unmarked at every such stage
s′, whence A is finally derived in the proof. Hence Γ ∪ Γ′ ⊢ALm

⊏
A.

Theorem 36 Where Γ ⊆ W: if Γ′ ⊆ CnALm
⊏
(Γ), then CnALm

⊏
(Γ ∪ Γ′) ⊆

CnALm
⊏
(Γ). (Cumulative Transitivity)

Proof. Suppose Γ′ ⊆ CnALm
⊏
(Γ), whence by Theorem 34, (†) MALm

⊏
(Γ) =

MALm
⊏
(Γ ∪ Γ′). Suppose Γ ∪ Γ′ ⊢ALm

⊏
A. By the soundness of ALm

⊏ , Γ ∪
Γ′ |=ALm

⊏
A. By (†), Γ |=ALm

⊏
A. By the L-completeness of ALm

⊏ , Γ ⊢ALm
⊏
A.

Corollary 1 Where Γ ⊆ W: if Γ′ ⊆ CnALm
⊏
(Γ), then CnALm

⊏
(Γ ∪ Γ′) =

CnALm
⊏
(Γ). (Cautious Indifference)

Theorem 37 CnALr
⊏
(Γ) ⊆ CnALm

⊏
(Γ).

Proof. Suppose Γ ⊢ALr
⊏
A. By Lemma 13, there is a finite ALr

⊏-proof p from Γ,
in which A occurs on an unmarked line l with condition ∆, and ∆∩U⊏(Γ) = ∅.
Let s be the stage of this proof. Since line l is unmarked, we have that (†)
∆ ∩ U⊏

s (Γ) = ∅. Since U⊏(Γ) =
⋃
Φ⊏(Γ), we can derive that (‡) ∆ ∩ ϕ = ∅ for

every ϕ ∈ Φ⊏(Γ).
Note that p is also an ALm

⊏ -proof from Γ. By (†) and the fact that U⊏
s (Γ) =⋃

Φ⊏
s (Γ), we can derive that ∆ ∩ ϕ = ∅ for every ϕ ∈ Φ⊏

s (Γ). Hence line l is
also unmarked in p if the strategy is ⊏-Minimal Abnormality.
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Suppose line l is ALm
⊏ -marked in a further extension of the proof. We then

extend the proof further to a stage s′, such that every minimal Dab-consequence
of Γ is derived at stage s′. Note that Φ⊏

s′(Γ) = Φ⊏(Γ). By (‡) and Definition
13, line l is unmarked at stage s′.

Lemma 16 If Γ′ ⊆ CnALr
⊏
(Γ), then U⊏(Γ ∪ Γ′) = U⊏(Γ).

Proof. Suppose Γ′ ⊆ CnALr
⊏
(Γ). By Theorem 37, Γ′ ⊆ CnALm

⊏
(Γ). By Lemma

15, Φ⊏(Γ) = Φ⊏(Γ ∪ Γ′), whence by Definition 10, U⊏(Γ ∪ Γ′) = U⊏(Γ).

Theorem 38 If Γ′ ⊆ CnALr
⊏
(Γ), then MALr

⊏
(Γ) = MALr

⊏
(Γ ∪ Γ′).

Proof. Suppose Γ′ ⊆ CnALr
⊏
(Γ). By Lemma 16, (†) U⊏(Γ ∪ Γ′) = U⊏(Γ).

Suppose M ∈ MALr
⊏
(Γ). By the supposition and the soundness of ALr

⊏, M ∈
MLLL+(Γ ∪ Γ′). By (†) and Definition 11, M ∈ MALr

⊏
(Γ ∪ Γ′).

Suppose M ∈ MALr
⊏
(Γ ∪ Γ′). By Definition 11, M ∈ MLLL+(Γ ∪ Γ′) and

Ab(M) ⊆ U⊏(Γ ∪ Γ′). Then by the monotonicity of LLL+ and (†), M ∈
MLLL+(Γ) and Ab(M) ⊆ U⊏(Γ). By Definition 11, M ∈ MALr

⊏
(Γ).

Theorem 39 If Γ′ ⊆ CnALr
⊏
(Γ), then CnALr

⊏
(Γ) ⊆ CnALr

⊏
(Γ∪Γ′). (Cautious

Monotonicity)

Proof. Suppose Γ′ ⊆ CnALr
⊏
(Γ), whence by Lemma 16, (†) U⊏(Γ∪Γ′) = U⊏(Γ).

Suppose Γ ⊢ALr
⊏
A, whence by Lemma 13, A is derivable in an ALr

⊏-proof p
from Γ on line l with condition ∆ such that ∆ ∩ U⊏(Γ) = ∅. Note that p is a
ALr

⊏-proof from Γ ∪ Γ′ as well.
Suppose that line l is marked in an extension of p. We may then further

extend the extension, such every minimal Dab-consequence of Γ ∪ Γ′ is derived
in it on the empty condition. Where the stage of the second extension is s, we
have that U⊏

s (Γ ∪ Γ′) = U⊏(Γ ∪ Γ′). By (†), ∆ ∩ U⊏(Γ ∪ Γ′) = ∅. As a result,
line l is unmarked at stage s.

Theorem 40 Where Γ ⊆ W: if Γ′ ⊆ CnALr
⊏
(Γ), then CnALr

⊏
(Γ ∪ Γ′) ⊆

CnALr
⊏
(Γ). (Cumulative Transitivity)

Proof. Suppose Γ′ ⊆ CnALr
⊏
(Γ), whence by Theorem 38, (†) MALr

⊏
(Γ) =

MALr
⊏
(Γ ∪ Γ′). Now suppose Γ ∪ Γ′ ⊢ALr

⊏
A. By the soundness of ALr

⊏,
Γ∪Γ′ |=ALr

⊏
A. By (†), Γ |=ALr

⊏
A. By the L-completeness of ALr

⊏, Γ ⊢ALr
⊏
A.

Corollary 2 Where Γ ⊆ W: if Γ′ ⊆ CnALr
⊏
(Γ), then CnALr

⊏
(Γ ∪ Γ′) =

CnALr
⊏
(Γ). (Cautious Indifference)

B.5 Idempotence

Let Γ′ = CnAL⊏
(Γ). By Cautious Indifference, CnAL⊏

(Γ) = CnAL⊏
(Γ ∪

Γ′). Moreover, by the reflexivity of AL⊏, Γ ⊆ Γ′, whence CnAL⊏
(Γ ∪ Γ′) =

CnAL⊏
(Γ′). The rest follows immediately.
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B.6 Deduction Theorem for ALm

⊏

Suppose Γ ∪ {A} ⊢ALm
⊏
B, whence by the soundness of ALm

⊏ : (†) every ALm
⊏ -

model of Γ∪{A} verifies B. Suppose Γ 0ALm
⊏
¬̌A ∨̌B — we derive a contradic-

tion. By the L-completeness of ALm
⊏ , there is a ALm

⊏ -model M of Γ such that
M 
+ A ∧̌ ¬̌B. Note that M is a LLL+-model of Γ ∪ {A}. In view of (†), M
is not a ALm

⊏ -model of Γ∪ {A}, whence there is a LLL+-model M ′ of Γ∪ {A}
such that Ab(M ′) ⊏ Ab(M). However, by the monotonicity of LLL+, M ′ is a
LLL+-model of Γ. By Definition 8, M 6∈ MALm

⊏
(Γ).

B.7 Hierarchies within the New Format

Theorem 41 CnALm
⊏
(Γ) ⊆ CnULL(Γ).

Proof. Suppose Γ ⊢ALm
⊏
A. By Lemma 8.2, Γ ⊢LLL+ A ∨̌Dab(∆) for a ∆ ⊆ Ω.

By CL-properties, Γ ∪ Ω¬̌ ⊢LLL+ A, whence in view of the definition of ULL,
Γ ⊢ULL A.

In view of Theorems 33, 37, 41 and 13, we can immediately derive Theorem
21 as a corollary. By Theorem 5, we can also derive Theorem 22.

B.8 Criteria for AL⊏-Equivalence

Theorem 42 Where Γ ⊆ W, CnAL⊏
(Γ) = CnAL⊏

(CnLLL+(Γ)). (LLL+ is
conservative with respect to AL⊏)

Proof. By Theorem 33, (‡) CnLLL+(Γ) ⊆ CnAL⊏
(Γ). By (‡) and Cautious

Indifference, CnAL⊏
(Γ ∪ CnLLL+(Γ)) = CnAL⊏

(Γ). Since LLL+ is reflexive,
Γ ⊆ CnLLL+(Γ), whence CnAL⊏

(Γ ∪ CnLLL+(Γ)) = CnAL⊏
(CnLLL+(Γ)) and

we are done.

Theorem 43 Where Γ,Γ′ ⊆ W: if Γ and Γ′ are LLL+-equivalent, then they
are AL⊏-equivalent.

Proof. Suppose Γ and Γ′ areLLL+-equivalent, whence CnLLL+(Γ) = CnLLL+(Γ′).
By Theorem 42, CnAL⊏

(Γ) = CnAL⊏
(CnLLL+(Γ)) and CnAL⊏

(Γ′) =
CnAL⊏

(CnLLL+(Γ′)). Hence CnAL⊏
(Γ) = CnAL⊏

(Γ′).

Theorem 44 Every monotonic logic that is weaker than or identical to AL⊏

is weaker than or identical to LLL+. (Maximality of LLL+)

Proof. (ALm
⊏ ) This follows immediately in view of (i) Lemma 8.2 from the

current paper, (ii) the proof of Theorem 10 in [11]— replace Φ(Γ ∪ Γ′) in that
proof by Φ⊏(Γ∪Γ′) and Theorem 4 in that proof by Lemma 8.2 from the current
paper.
(ALr

⊏) This follows immediately in view of the fact that ALm
⊏ is stronger than

ALr
⊏ — see Theorem 37 — and item 1.

Fact 4 Where L is a Tarski-logic weaker than or identical to LLL+: if Γ and
Γ′ are L-equivalent, then they are LLL+-equivalent.
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Proof of Theorem 23 . In view of the preceding lemmas and theorems, the
proof of Theorem 23 is fairly straightforward:
Proof. Ad 1. Suppose Γ′ ⊆ CnAL⊏

(Γ) and Γ ⊆ CnAL⊏
(Γ′). By Cautious

Indifference, CnAL⊏
(Γ) = CnAL⊏

(Γ ∪ Γ′) and CnAL⊏
(Γ′) = CnAL⊏

(Γ′ ∪ Γ),
hence CnAL⊏

(Γ) = CnAL⊏
(Γ′).

Ad 2. and 3. It was proven in [11] that (C2) and (C3) are coextensive whenever
(i) AL⊏ is reflexive and has the fixed point property, and (ii) L is monotonic.
Hence in view of the reflexivity and idempotence of AL⊏, it suffices to prove
item 2.

Suppose L is a Tarski-logic weaker than or identical to AL⊏. By Theorem
44, L is weaker than or identical to LLL+. Now suppose Γ and Γ′ are L-
equivalent. By Fact 4, Γ and Γ′ are LLL+-equivalent. By Theorem 43, Γ and
Γ′ are AL⊏-equivalent.
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