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APPENDIX

This Appendix contains in Part A some results concerning strengthenings
of the transformation presented in Section 5 and in Part B all the meta-proofs
for our results.

A Strengthenings of the Transformation

In this Section we demonstrate that many of the results presented in Section 6
for our transformation Lx are also valid for strengthenings of Lx.

(AND-OP) expresses that if we have P(A V B) and there is no OP-conflict
concerning the latter, then either PA or PB is the case.

(P(AV B) A—O—(AV B)) > (PAVPB) (AND-OP)

Even stronger is
P(AvVB)D (PA \Y PB) (P-AND)

The corresponding frame conditions to these axioms are:

For all X,Y CW, if XUY € P, and W\ (X UY) ¢ O,,
then X € Py, or Y € Py, (FP-AND-OP)
Foral X, YCW, if XUY € P, then X e P, or Y € P, (FP-P-AND)

The intuition behind the restricted inheritance principle (RPM) was to re-
strict inheritance to obligations that are not involved in conflicts. The same
idea may be generalized for permissions in terms of the following rule:

If H AD B, then (PAA-0-4) D PB (RM-OP)
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(RM-OP) states that if there is no OP-conflict concerning PA and A entails
classically B, then inheritance is applicable to PA in order to derive PB.

The intuition behind the restricted inheritance principle (RPM’) was to re-
strict inheritance in such a way that it does not create additional conflicts. The
same idea may be generalized for permissions in terms of the following rule:

If - AD B, then (PAA-0O-B) > PB (RM’-OP)

The following result shows that there is no need to strengthen Lx be these
principles.

Theorem A.1.
(i) If Lx validates (RPM), then it validates (RM-OP).
(#i) Lx validates (RM’-OP).

Note that a strengthening of Lx by (RM-OP) is not necessary for the trans-
formation of an A-CTDL since these systems already validate the stronger (P-
RM).

Where A is a set of axioms and rules, we write L @ A for the logic that is
the result of adding the rules and axioms in A to the axiomatization of L. Let
in the following K+ € {Lx @ {(P-AND)}, Lx & {(AND-OP)} }.

In the remainder of this section we demonstrate that the meta-theory for
K« is nearly analogous to the results presented for Lx in Section 6. Let us first
compare the consequence relations characterized by L and by Kx.

Theorem A.2. WhereI' CWgo and A € Wo, I' by, A iff T bk A.
Corollary A.1. Kx is L-conservative.

Theorem A.3. Where I' is L-consistent, if I' by, PA then I'o Fxy PA.
Let us now focus on the conflict-tolerance of Kx.

Theorem A.4. If L satisfies (T), then Kx satisfies (1).

Theorem A.5. If L strengthened by (D) and the set of azioms and rules ©
characterizes the same consequence relation as SDL, then Kx strengthened by
(DfP1) and the azioms and rules in © characterizes the same consequence rela-
tion as SDL.

Remark A.1. Note that Theorem 5 does in general not hold for Lx® {(P-AND)}
where L is an I-CTDL or an H-CTDL. Take the following example: I' = {O(AV
B),0-A4,0-B,-0A4,-0B}. By (D) we get P(AV B) from O(A V B). By (P-
AND) we get PAVPB. Hence, I . ((P-AND)} (O—|A APAA ﬂOA) Vv (O—\B A
PB A—-0B). A similar case can be made for Lx & {(OP-AND)}. This is left to
the reader.

Let in the following v = {-OF,-0O—-FE}.



Theorem A.6. Let 6 € {O0,0P}, 8 C vu{OC,—-0-C,PD,~0O-D,PF,P-F},
7 € {0, P, 00—, O—-P, O—=0—}. (i) If Kx is 6-EX-OP-y-tolerant than it is
also 0-EX-1-B-tolerant. (i) If Kx is 00-EX-OP-v-tolerant and OP-EX-OP-v-
tolerant, then Kx is CONFLICT-TOLERANT.

Theorem A.7. IfL is O0-EX-OP-y-tolerant, then Kx is CONFLICT-TOLERANT.

Of course, if L is OO-CONFLICT-TOLERANT, then it is also OO-EX-OP-~-
tolerant and hence Kx is CONFLICT-TOLERANT.

Theorem A.8. Where T € {O,P,00-,0-P,0P,0-0-} and 8 is a set of wffs,
if Kx is OO0-EX-7-B-tolerant, then it is also OP-EX-1-5-tolerant.

Theorem A.9. Let 3 be set of formulas of the form OA, -OA and PA, and
7 € {0,00—-,0-P,0P,0-0—}. If L is OO-EX-7-8-tolerant, then

(i) Kx is O0-EX-T-8-tolerant,
(i) Kx is OP-EX-7-f3-tolerant,
(#ii) if 7 = O—0—, then K% is O0-EX-P-3-tolerant and OP-EX-P-3-tolerant.

B Meta-Proofs
B.1 Meta-Theory for Lx

The authors in [2] have presented a generic soundness and (strong) completeness
result for the canonical form of neighborhood semantics for which models do
not feature an actual world. It can easily be shown that our representation
of neighborhood semantics that makes use of an actual world is equivalent.
Where F' is a neighborhood frame, F-models without an actual world, shortly
F-models’, are defined by a pair (F,v) where v : S — p(W). Evidently, the
only difference to the models we have presented is the lack of an actual world.
Validity in a model at a world, M, w = A, is defined as usual (see Section 5.3.1).
For a given frame F = (W, 0) resp. F = (W,O,P) and I' C W, T It} A iff for
all F-models’ M and for all w € W if M,w |= B for all B € T, then M, w = A.
Moreover, where F is a class of frames, I' Iz A iff T" IF} A for all F-frames F.

The following result shows that all the soundness and completeness results
for neighborhood semantics presented in [2] carry forward to our neighborhood
semantics with an actual world.

Theorem B.1. WhereI' CW and F is a class of O- resp. OP-frames, T'IFz A
iff T'lFx A.

Proof. “<”: Let T' IFx A and F = (W,0) € F resp. F = (W,0,P) € F.
Suppose there is an F-model’ M’ and a world w € W for which M’ , w }£~ A and
M’ ,w = B for all B € I'. Note that M = (F,v,w) is an F-model of I" for which
M W A,—a contradiction.



“=": Let T IFz A. Suppose for some frame F = (W,0) € F resp. F =
(W,0,P) € F there is an F-model M = (F,v,@Q) of T for which M [ A.
Let M’ = (F,v). Note that M’,@Q = B for all B € T and M',Q [~ A—a
contradiction. O

Strong completeness and soundness for the systems defined in Sections 5,
7 and 8 are immediate consequences of the strong completeness and soundness
results presented in [2] and Theorem B.1.

Note that the following fact holds by definition:

Fact B.1. Where F' = (W,0) is an O-frame resp. F = (W,0,P) is an OP-
frame, for any model M = (F,v, @), (i) |AAB|y = |A|pmN|Blar, (3) |AVB|a =
[Alar U By, (113) |2 A|y = WA |Alu, () [Tl =W, and (v) | Ly = 0.

We will make use of it without further notice.

Lemma B.1. Let F = (W, 0) be an O-frame, F, = (W,O’,P) be an OP-frame
that satisfies (FP-DfP2) and for which O = Oa where @ € W. Where M =
(F,v,Q) and M, = (Fy,v, @), we have: (i) For all A € Wo, M = A iff M, = A,
and (i) if M = PA then M, = PA.

Proof. Ad (i): We prove the claim by an induction over the length of A. Let
AeS  MEATMQAQEATQevd)if M QEF Aiff M' = A. Let A
be a wif without occurrences of O’s and P’s. Let first A= BAC. M | A iff
MEBACIft M@= BACiff M@ B,C iff M = B,C iff (by induction
hypothesis) M’ = B,C iff M’ @ E B,C iff M',@ = BAC iff M' = BAC.
The proof is similar for the other Boolean combinations. We so far have shown
that |A|y = |A|y for all wits A without occurrences of modal operators. We
will now shown that (i) holds for all A € Wo. Let first A = OB. M = A iff
M,Q = Aiff M,@Q = OB iff |B|y € Oq iff |Blyr € Oq iff |B|yr € Of iff
M, Q@ EOBifft M@ Aiff M = A. Letnow A=BAC. M E Aiff
MEBACIff M@= BACIift M,Q = B,Cifft M = B,C iff (by induction
hypothesis) M’ = B,C it M', @ = B,C if M',QE BAC if M' = BAC iff
M’ = A. The argument is analogous for the other Boolean combinations.

Ad (ii): Let M = PA. Then by (M-DfP), M = -0O-A. Hence, |-A|y ¢ Oa.
Hence, as shown in (i), |2 A|x ¢ Of. Thus, by (FP-DfP2), |A|yr € Pa. Hence,
M’,@ = PA and thus, M’ = PA. O

Proof of Fact 2. (i) and (ii) follow immediately by Lemma B.1. Ad (iii): In the
proof of Lemma B.1 this has been shown for all formulas without occurrences
of modal operators. Let A =O0B. M,w = A iff M,w |= OB iff |B|y € O, iff
| By, € Oy iff My, w |= OB. The rest we show by induction. Let A = BAC
where B,C € Wo. M,w E Aiff M,w E BAC it M,w = B,C ifft M,,w = B,C
ifft My, wkE BAC iff M,,w = A. The proof is analogous for the other classical
connectives. O

Proof of Fact 1. We show that for each Fp-model M there is an Fpp-model
M, such that
foral Ae W, M E Aiff M, E A, (1)



and vice versa. Let M = (W,0,v,@) be an Fo-model. We define the Fop-
model M, = (W,0,P,v,@) where P, = {X CW | W\ X ¢ O,}. Note
that (FP-DfP1) and (FP-DfP2) hold by definition. We show that (1) holds by
an induction over the length of A. By Fact 2 we know that (1) holds for all
AeWo. Let A=PB. M, = Aiff M, £ PBiff M,,@ = PB iff |B|y, € Pa iff
(by (FP-DEPL)) W\ |Blyy, ¢ Oa iff |<Blar, ¢ Oa iff (by Fact 2) | 2Bl ¢ Oa
ifft M,@ E -O-B iff M,Q = PB iff M = PB. Suppose A=BAC. M E A
it M@k Aiff M,QE BAC ifft M,Q = B,C iff M = B,C iff (by induction
hypothesis) M, = B,C iff M, = B AC iff M, E A. The other Boolean
combinations are handled in an analogous way.

Let M, = (W,0,P,v,@) be an Fpp-model for which M, = A. Moreover,
let M = (W,0,v,@). By Fact 2 we know that (1) holds for all A € Wp.
Let A =PB. M, E Aiff M, = PB iff M,,Q | PB iff |B|y, € Pa iff (by
(FP-DIP1)) W\ |Blar, ¢ Oa iff [~Blu, ¢ O iff (by Fact 2) [<Bly ¢ Oa
ifft M,@ = -O-B iff M\,@Q = PB iff M = PB. Let A =-B. M, = A iff
M,,@ = =B iff M,,@F B iff M, ¥ B iff (by induction hypothesis) M ¥ B iff
M,Q ¥ B iff M,Q E -B iff M = —B. The other Boolean combinations are
handled in an analogous way. O

Lemma B.2. Let ' C Wo and M be an L-model of T'. There is an Lx-model
M, of T for which (i) M, = OAANP—=A iff M = OANO-A, (ii) for all A € W,
ME Aiff M, E A, and (iii) if M = PA, then M, = PA.

Proof. Let M = (F,v,@Q) and F = (W,0). Let F, = (W,0,P) where P is
constructed on the basis of O along the following lines. For all w € W proceed
as follows:

Step 1: For all X € O, let X € PL, hence PL =4 {X CW | X € O, }.
Step 2: Forall X ¢ O, let W\ X € P2 hence P2 = {X CW | W\X ¢ O,}.
In the case that L is an A-CTDL we add another step:

Step 3: For every Y € PL U P2 add all supersets X DY to P32, hence P2 =g4¢
{XCW|XDY where Y € P UP2}.

If L is an A-CDTL let P, = Pl UP2 UPS, otherwise let P, = P} UP2. Next
we demonstrate that all the frame conditions for L* are satisfied for Fy: (FP-D)
and (FP-DfP2) are satisfied due to construction steps 1 and 2. In the case that
L is an A-CTDL note that (FP-P-RM) is satisfied due to construction step 3.
Evidently all the L frame conditions are satisfied since they only concern the
set O@. Thus, we have shown that all the Lx frame conditions are valid for F,.
Let M, = (Fy,v, Q).

(ii) and (iii) follow by Fact 2. This also shows that M, is a model of T

Ad (i): Let M, E OA A P-A. Thus, where X = |Alp,, X € Oq and
W\ X € Pa. Thus, if W\ X was added in step one, then also W\ X € Oq and
thus M, = OA A O-A. Note that W\ X was not added in step 2, since then
X ¢ Oq,—a contradiction. Now suppose that W\ X was added in step 3 (in



the case that L is an A-CTDL). Then there is a Y C W\ X such that ¥ was
added in step 1 or step 2. In the former case Y € Oq and thus, due to (F-RM),
WA\X € Oa. Then, M, = OAANO-A. In the latter case W\Y ¢ Oq. Note that
X C W\Y and thus, due to (F-RM), W\Y € Oa,—a contradiction. Altogether
we have shown that M, = OA A O—-A. Hence, by (ii), M = OA A O-A.

Let now M | OA A O-A. By (ii), My E OAAO-A. Thus |[-4|ym, € Oa.
By step 1, |- A|ux, € Pa. Hence, M, = P—-A and hence M, = OAAP-A. O

Theorem B.2. Where I' is L-consistent and A € Wo, I' b1, A iff T'o Fr. A.

Proof. Let T" be L-consistent and A € Wo. Suppose I' by, A. Thus, by Fact 3,
I'o b, A. Then M [ A for all L-models of TI'g. By Lemma B.2(ii) there is an
Lx-model of T'g. Suppose there is an Lx-model M’ = (W, O, P,v, @) of T'g such
that M’ ¥ A. Let M" = (W,0,v,@). Then M"” ¥ A and M" is an L-model
of T'o due to Lemma B.1 (i). This is a contradiction. Thus, M’ = A for every
Lx-model M’ of I'g. Hence, I'g IFy,, A and thus I'g b, A.

Suppose I'o Frs A. Then for all Lx-models M’ of T'o, M’ = A. Take any
L-model M = (W, 0, v,@) of T'. By Fact 3, M is also a model of I'g. Suppose
M ¥ A and hence M = —A. By Lemma B.2(ii) there is an Lx-model M, of T'o
for which M, E —A,—a contradiction. Thus, M = A for all L-models M of
I'o. Thus, I'g IFy, A and hence I'g b1, A. By Fact 3, ' F, A. O

Proof of Theorem 1. If I is L-consistent, this follows by Theorem B.2. Let I" be
L-inconsistent. Suppose there is an Lx model Mx of I'. By Lemma B.1 there
is a L model of I'. This is a contradiction. O

Proof of Theorem 2. If T by, PA then, due to (DfP1), T' 1, =O—A. Hence, due
to the L-conservativeness of Lix, I'g Fr, =O—A. Due to (DfP2), T'o b, PA. O

Proof of Theorem 3. This is due to the fact that by definition L* enriched by
(DfP1) characterizes the same consequence relation as L enriched by (D). Since
the latter characterizes the same consequence relation as SDL, so does the
former. Note that all instances of (P-RM) in the case that L is an A-CTDL and
all instances of (P-RE) are theorems of L. O

Proof of Theorem 4. Note that Lk enriched by (DfP1) by definition character-
izes the same consequence relation as L enriched by (D) since all instances
of (P-RM) in the case that L is an A-CTDL and all instances of (P-RE) are
theorems of L. Hence, Lx enriched by (DfP1) and the rules and axioms in ©
characterizes the same consequence relation as L enriched by (D) and ©. O

Proof of Theorem 5. Suppose I'o Fr. V; (OAi AP=A; /\ﬁO—|Ai) for some index
set I. Then for every Lx-model M, of I'g there is an A; such that M, |
OA; AN P-A; A =0-A4;. Since I is L-consistent also I'g is L-consistent. Thus,
there is an L-model M of I'g. By Lemma B.2, there is an Lx-model M, of T'g
A; where i € I,—a contradiction. O



Proof of Theorem 6. This follows by Lemma B.2 and the fact that due to (M-
DfP) every L-model of I" is also an L-model of I'o. O

Proof of Theorem 8. Let 7 = O. Suppose Lx is OO-EX-7-3-tolerant. Hence, for
some A and B, there is an Lx-model M of U{OA, O—A} such that M = -0B.
Due to (FP-D), M |= OA A P=A. Thus, SU{OA,P-A} ¥, OB. Hence, Lx is
also OP-EX-7-f-tolerant. The other cases are analogous. O

Corollary B.1. Lx is CONFLICT-TOLERANT iff it s OO-CONFLICT-TOLERANT.
Proof. Follows by Theorem 8. O

Lemma B.3. Let K € {L,Lx}, § € {00, 0P}, 5’ C 8 where (3 is a set of wffs,
and 7 € {O,P,00-,0-P,0P,0-0~}. If K is 6-EX-7-3-tolerant, then it is
also §-EX-1-f'-tolerant.

Proof. Let 7 =0 and 6 = O0. Suppose K is 6-EX-7-3-tolerant and let 5’ C £.
Thus, for some A and B there is an K model M of 38U {OA, O—A} for which
M = -0OB. Obviously M is also a model of 5’ U {OA,O—-A}. The other cases
are analogous. O

Lemma B.4. Let K € {L,Lx}, 6 € {O0,0P}, and 8 is a set of wffs. If K is
0-EX-OP-S-tolerant, then it is §-EX-O-f-tolerant and 6-EX-P-B-tolerant.

Proof. By the presupposition there is for some A and B a K-model M of
{0A4,0-A} U 8 in the case that 6 = OO resp. {OA A P-A} U B in the case
that ¢ = OP such that M = OBV PB. Hence, M = -OB,-PB. O

Let in the following v = {=OFE,-O-E} (see Section 6).

Theorem B.3. Let§ € {O0,0P}, g C yu{OC,—-0-C,PD,~0O-D,PF,P-F},
7 € {0, P, 00—, O-P, 0-0-}, and K € {L,Lx}. (i) If K is 6-EX-OP-y-
tolerant then it is also 0-EX-t-B-tolerant. (ii) If K is O0-EX-OP-y-tolerant
and OP-EX-OP-y-tolerant, then K is CONFLICT-TOLERANT.

Proof. Ad (i): Suppose K is O0O-EX-OP-7-tolerant. Thus, for some A and B
there is a K-model M of {OA,0-A,-OF,-~0-E} such that M = -0B,—-PB.
Note that since M = P-B,0-B,PE, P-E due to (FP-DfP2), M is also a model
of 5” = {OA, OﬁA, OC, ﬁOﬁC, PD, ﬁOﬁD, ﬁOE, ﬁOﬁE, PF, PﬁF} where
C =-B, D =-B and F = E. Hence, K is O0-EX-OP-3"-tolerant.

By Lemma B.4 it is also OO-EX-0-8" and OO-EX-P-3"-tolerant. As M =
-OFE A=0-E, also M = —(OE VvV O—E). Thus, K is 00-EX-O0—-3"-tolerant.
Since M = OC A =0-C, also M = =(0-C VvV =0—-—=(C). Thus, K is OO0-EX-
0-0—-f"-tolerant. Since M = PEA-OE, also M = —~(OEV —-PE). Hence, K
is O0O-EX-O—-P-p3"-tolerant.

The rest follows by Lemma B.3. The case for § = OP is analogous.

Ad (ii): Follows immediately by (i). O



Theorem B.4. Let 8 be a set of formulas of the form OA, —OA and PA,
and 7 € {0,00—-,0-P,0P,0-0—}. If L is O0O-EX-7-3-tolerant, then Lk is
OO-EX-1-B-tolerant and OP-EX-7-3-tolerant.

Proof. Let 7 = O. Since L is O0O-EX-O-f-tolerant, there is, for some A and
B, an L-model M of {OA A O—=A} U 8 such that M = —=OB. By Lemma B.2,
there is an Lx-model M, of {OA A O-A} U B for which M, = —~OB. Hence, Lx
is OO0-EX-O-S-tolerant. Thus, by Theorem 8, L is also OP-EX-O-S-tolerant.
The proof is analogous for 7 € {O00—, 0-0-}.

Let 7 = O—=P. Since L is OO-EX-O—P-S-tolerant, there is, for some A and
B, an L-model M of {OA A O—-A} U 8 such that M = -OB A PB. By Lemma
B.2, there is an Lx-model M, of {OA A O-A} U S for which M, =—-0B APB.
Hence, Lx is OO-EX-O—-P-p-tolerant. Thus, by Theorem 8, Lx is also OP-EX-
O-P-S-tolerant.

Let 7 = OP. Since L is OO-EX-OP-g-tolerant, there is, for some A and B, an
L-model M of {OAAO—-A}UpS such that M = -OBA—PB. Hence, due to (M-
DfP), M = O-B. By Lemma B.2, there is a Lx-model M, of {OAAO-A}U S
for which M, = -OB,0-B and M, = O-BAPB iff M |= O-B A OB. Since
M [~ OB, M, [~ PB. Hence M, = —-PB. Hence, Lx is O0-EX-OP-3-tolerant.
Thus, by Theorem 8, Lx is also OP-EX-OP-g-tolerant. O

Proof of Theorem 7. If L is OO-EX-OP-~-tolerant, then Lx is OO-EX-OP-v-
tolerant and OP-EX-OP-~-tolerant by Theorem B.4. Moreover, by Theorem
B.3 (ii), L* is CONFLICT-TOLERANT. O

Theorem B.5. Let 5 be a set of formulas of the form OA, -OA and PA,
and let 7 € {O,P,0P,0-0-}. If L is O0-EX-O—-0—-8-tolerant, then Lx is
OO0-EX-7-B-tolerant and OP-EX-7-p-tolerant.

Proof. By supposition there is, for some A and B, an L-model M of {OA A
0-A} U B U{0O-B A -OB}. By Lemma B.2, there is an Lx-model M, of
{OAANO-A}UpBU{O-BA-0OB} for which M, = O-BAPB iff M = O-BAOB
and hence M, £ PB. Hence, Lx is OO-EX-P-S-tolerant and OO-EX-O-0-
tolerant. Note that M, = —~(OB Vv PB). Hence, L* is O0-EX-OP-j-tolerant.
Moreover, M, = (OB V —=0—-B). Hence, Lx is 00-EX-O—=0—-/-tolerant. The
OP-EX-0—-0--p-tolerance follows immediately by Theorem 8. O

Proof of Theorem 9. Follows by Theorem B.4 and Theorem B.5. O

B.2 Meta-Theory for Some Strengthenings of Lx

Proof of Theorem A.1. Ad (i): By (RPM) and (RE), (O~B A —-OB) D> O-A.
Hence, -O-B Vv OBV O—A. Hence,

~0-4 > (-0-~BV OB) 2)

Note that by (DfP2)
-0-A4=(PAA-0-4) (3)



and by (DfP2) and (D),

(-O-BVvOB)D>PB (4)
Hence, by (2), (3) and (4), (PAA-0-A4) D PB.
Ad (ii): This is a direct consequence from (DfP2). O

Lemma B.5. Where M = (W, O, v, Q) is an L-model and M, = (W, O, P, v, @)
is a Kx-model for which Of = Oa, we have: (i) For all A € Wo, M =
Aiff My, = A, (ii) if M = PA then M, = PA. (i) |Alyp = |A|a, for all A
without occurrences of modal operators.

Proof. The proof of (i) and (ii) is analogous to the proof of Lemma B.1. Ad
(iii): Let A€ S. MywE A iff w € v(A) iff M,,w = A. We show the rest by
an induction on the length of A. Let A=BAC. MywE Aiff M,w = BAC
it MwlE B,Cift My,w | B,C iff M,,w |E BAC iff M,,w |= A. The proof
is analogous for the other classical operators. O

Lemma B.6. Where M = (F,v,Q) is an L-model, there is a Kx-model M' =
(F',v,Q) such that (i) F' satisfies (FP-P-AND) and (FP-AND-OP); (i) for
al AeWo, M E A iff M' = A; and (i) if M |= PA then M’ |= PA.

Proof. Where F' = (W, 0) let F' = (W,0,P) and for all w € W, P, = p(W).
(FP-DfP2) holds since for all X C W for which W\ X ¢ O,, X € P,. Also
(FP-D) holds, since for all X C W for which X € Oy, X € P,,. (FP-P-AND)
holds due to the fact that Py, is closed under subsets. The rest follows by Lemma
B.5. O

Theorem B.6. Where I' is L-consistent and A € Wo, I' Fr, A iff T'o by A.

Proof. The proof is analogous to the proof of Theorem B.2, where all references
to Lemma B.2(ii) are replaced by references to Lemma B.6(ii), all references to
Lemma B.1 are replaced by references to Lemma B.5, and all references to L*
are replaced by references to Kx. O

Proof of Theorem A.2. If I' is L-consistent, this follows by Theorem B.6. Let
I" be L-inconsistent. Suppose there is an Kx model M of I'. By Lemma B.5
there is a L model of T'. This is a contradiction. O

Proof of Theorem A.3. If ' by, PA then, due to (DfP1), T" 1, -O—A. Hence,
due to the L-conservativeness of Kx, I'o Fks =O—A. Due to (DfP2), T'o Fxkx
PA. L

Proof of Theorem A.J4. Note that by Theorem 3 Lx @ {(DfP1)} characterizes
the same consequence relation as SDL. Since SDL features all instances of
(P-AND) and (AND-OP) as theorems, also Kx @ {(DfP1)} characterizes the
same consequence relation as SDL. O



Proof of Theorem A.5. By Theorem 4, Lx®{(DfP1)}UO characterizes the same
consequence relation as SDL. Since SDL features all instances of (P-AND) and
(AND-OP) as theorems, also Kx@® {(DfP1)} characterizes the same consequence
relation as SDL. O

Proof of Theorem A.8. The proof is identical to the proof of Theorem 8 where
all references to Lx are replaced by references to Kx. O

Corollary B.2. Lx is CONFLICT-TOLERANT iff it ts OO-CONFLICT-TOLERANT.
Proof. Follows by Theorem A.8. O

Lemma B.7. Let § € {O0,0P}, g/ C 8 where B is a set of wffs, and 7 €
{0,P,00-,0-P,0P,0-0-}. If Kx is 6-EX-T-3-tolerant, then it is also §-
EX-7-/'-tolerant.

Proof. The proof is identical to the proof of Lemma B.3 where all references to
K are replaced by references to Kx. O

Lemma B.8. Let 6 € {O0,0P}, and 8 is a set of wffs. If Kx is §-EX-OP--
tolerant, then it is §-EX-O-B-tolerant and §-EX-P-3-tolerant.

Proof. The proof is analogous to the proof of Lemma B.4 where all references
to K are replaced by references to K. O

Proof of Theorem A.6. The proof is analogous to the proof of Theorem B.3
where all references to Lemma B.4 are replaced by references to Lemma B.8,
all references to Lemma B.3 are replaced by references to Lemma B.7 and all
references to K are replaced by references to Kx. O

Lemma B.9. LetT' C Wo and M be an L-model of T’ = TU{OA, O—A, ~OB, —-PB}.
There is a Kx-model M, of T for which (i) for allC € Wo, M = C iff My = C,
and (#) if M = PD then M, = PD.

Proof. Let M = (F,v) where F = (W,0). Let F, = (W,0’,P) such that
0., = Oq for all w € W. We construct P on the basis of @ similar as in the
proof of Lemma B.2, but with the addition of some steps. In the case that L
is an A-CTDL we add a new step 2.1 to steps 1 and 2 and alter former step 3
accordingly:

Step 2.1 For all X € Pl UP2 add all {x} C X \ |B|a to P31, Hence P31t =4
{{z} S X\ |Blm: X € PLUPL}.

Step 3.1 For every Y € PL UP2 UPZ! add all supersets X DY to P31, Hence
Pl = {XCW:XDY,Y e PLUPZUPE}.

Let Py = P, UP, UPLT UPT.

First notice that there is no Y € P,, such that Y C |BJys. Suppose for some
X C |B|y, X € 0,,. Then X € Og. Due to (F-RM), |B| € O and hence
M = OB,—a contradiction. Hence, no X C |B|ys is added to P, in step 1.
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Suppose some X C |B|p has been added in step 2. Then W\ X ¢ W/ and
hence W\ X ¢ Wa. Note that M = O-B due to M = —-PB and (M-DfP).
Note that W\ |B|as = |-B|p € W\ X and due to (F-RM), W\ X € Wa,—a
contradiction. Hence, no X C |B|j; is added to P, in step 2. This, by definition,
generalizes to steps 2.1 and 3.1. Now we show that F satisfies (FP-P-AND)
and hence (FP-AND-OP). In order to show this let Y = Y; UY; € P,,. The
case Y = Y] =Yy, = () is trivial. Let Y # (. If Y was added in step 3.1 then
by definition there is a Y’ C Y that was added in the previous steps. If Y was
added in steps 1, 2 or 2.1 then let Y/ =Y. We have shown that Y’ & |B|y.
Hence, Y’ \ |B|y # 0. By definition, there is a x € Y’ \ |B|y. Wlog. let
z € Yq. Since {z} € P, (by step 2.1), due to step 3.1 also Y3 € P,. Note
that (FP-DfP2) is satisfied due the construction step 2. (FP-D) is satisfied due
to the construction step 1. Step 3.1 takes care of (FP-P-RM). Thus, F, is a
Kx-frame.
In the case that L is an I-CTDL or an H-CTDL and K* € {Lx®&(AND-OP), Lx®

(P-AND)}. We add the following step to steps 1 and 2:

Step 3" For all X € PLUP2 add all Y to P2 for which Y € X and Y # |B|y.
Hence, P2 =as {Y C X : Y # |B|y, X € PL,UP2}.

Let P, = PLUP2 UPY.

Note that |B|as ¢ Py It was not added in step one since otherwise |B|,, €
Oa and hence M = OB,—a contradiction. It was not added in step 2 since
otherwise W\ |B|y = |-B|am ¢ Oa and hence M | -O—B,—a contradiction.
By definition also |B|ys ¢ P3 . Thus, | By ¢ Pu.

Note that (FP-DfP2) is satisfied due the construction step 2. (FP-D) is
satisfied due to the construction step 1. Moreover, (FP-P-AND) and hence
(FP-AND-OP) are valid due to construction step 3’. Where Y =Y; UY; € P,
we have to consider two cases: (1) Y\ |B|y # 0 and (2) Y C |B|p. In the case
(2) (FP-P-AND) holds by construction for Y. In the case (1) either Y1\|B|y D 0
or Yo \ |B|as D 0. Thus, either Y # |B|as or Ya # |Blas. Thus, by construction
step 3, either Y € P¥ or Yy € P2, Thus, F, is a Kx-frame.

Define M, = (F,,v,@). Both, (i) and (ii) hold due to Lemma B.5. Since
|B|p ¢ Pa and since by Lemma B.5 |B|y = |Bla,, M = —-PB. Hence, M,
models I". O

Theorem B.7. Let 8 be a set of formulas of the form OA, =OA and PA,
and 7 € {0,00-,0-P,0P,0-0-}. If L is OO-EX-r-S-tolerant, then Kx is
OO0-EX-1-B-tolerant and OP-EX-7-p-tolerant.

Proof. Let 7 = 0. Since L is O0-EX-O-p-tolerant, there is, for some A and B,
an L-model M of {OAAO—-A}U S such that M = -OB. By Lemma B.9, there
is a Kx-model M, of {OA A O—A} U g for which M, = —-OB. Hence, Kx is
OO-EX-0O-g-tolerant. Thus, by Theorem A.8, Kx is also OP-EX-O-3-tolerant.
The proof is analogous for 7 € {00—, 0-0-}.

Let 7 = O—=P. Since L is OO-EX-O—P-j-tolerant, there is, for some A and
B, an L-model M of {OA A O—A} U S such that M = -OB A PB. By Lemma
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B.9, there is a Kx-model M, of {OA A O—-A} U 8 for which M, &= -OB APB.
Hence, Kx is O0-EX-O—P-g-tolerant. Thus, by Theorem A.8, Kx is also OP-
EX-0O—P-g-tolerant.

Let 7 = OP. Since L is O0-EX-OP-S-tolerant, there is, for some A and B, an
L-model M of {OAAO—-A}UpS such that M = ~OBA—PB. Hence, due to (M-
DfP), M = O—-B. By Lemma B.9, there is a Kx-model M, of {OAAO-A}US
for which M, E —-OB,-PB. Hence, Kx is O0-EX-OP-S-tolerant. Thus, by
Theorem A.8, Kx is also OP-EX-OP-g-tolerant. O

Proof of Theorem A.7. If L is O0-EX-OP-v-tolerant, then Kx is OO-EX-OP-
~-tolerant and OP-EX-OP-v-tolerant by Theorem B.7. Moreover, by Theorem
A.6 (ii), Kx is CONFLICT-TOLERANT. O

Theorem B.8. Let 7 € {O,P,0P,0-0-}. IfL is 00-EX-O—0—-f-tolerant,
then Kx is O0-EX-7-8-tolerant and OP-EX-7-f-tolerant.

Proof. By supposition there is, for some A and B, an L-model M of {OA, 0O-A}U
BU{0-B,—-0B} and hence of {0A,0-A}UBU{-PB,-0B}. By Lemma B.9,
there is a Kx-model M, of {OA, O-A}UBU{-PB,-0B}. Hence, Kx is O0-EX-
P-S-tolerant, OO-EX-O-3-tolerant, and OO-EX-OP-f-tolerant. The OP-EX-O-
B-tolerance, the OP-EX-P-S-tolerance and the OP-EX-OP-S-tolerance follows
immediately by Theorem A.8.

Note that due to M, = —PB and (FP-DfP2), M, = O-B. Hence, M, =
—(OBV —-0-B). Thus, Kx is 00-EX-O—0—--tolerant. The OP-EX-0—-0—-(-
tolerance follows immediately by Theorem A.8. O

Proof of Theorem A.9. Follows by Theorem B.7 and Theorem B.8. O

B.3 Meta-Theory for F and DPM

Proof of Theorem 10. We define an F-model M on an O-frame F = (W, 0)
such that M validates a counter-instance to the explosion principle OO-EX-OP-
{-0OE,-0-E}. Let W = p(S) and p1, p2 be different propositional letters. We
define W, = {w e W | p1 ¢ w,ps ¢ w}, Wy = {w € W | p1 ¢ w,p2 € w},
We={weW]|p €wps ¢ w}and Wy ={w e W |p € wps €w} Let
sz{XgW|XQWaUWb}U{X§W\XQWCUWd} for every w € W.
Let M = (F,v,Q) where v : § — p(W), S +— {w € W | S € w} and Q is
an arbitrary world in W. It is an easy exercise for the reader to demonstrate
that the F frame conditions hold for F. Note that M | OA,0-A4,-(0OBV
PB),—(OE Vv O-FE), where A = p;, B = =(p1 V p2), and E = py. The rest
follows from Theorem B.3. O

Proof of Theorem 11. This has been shown in [1] (for DPM.1) and in [3] (for
DPM.2'). O

Proof of Theorem 12. Let p; and ps be distinct propositional letters.
Where W = p(S) and v: § — p(W), S — {w € W | S € w}, we define a
frame F' = (W, O) where for all w € W, O, = {W/' CW | W' D v(p1)} U {0}.
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Note that F' is a DPM.1-frame. Let M = (F,v, @) where @ is any world in W.
Evidently, M = 0A,0-A,-(OBVPB),~(0OEVO-FE) where A =T, B = —py,
E = P2.

For DPM.2 and DPM.2" we construct a frame Fy = (W, 0?) as follows.
We define W, = {w e W | p1 ¢ w,ps ¢ w}, Wy, ={w € W | p; ¢ w,ps € w},
We={weW|p €wps ¢ w}and Wy={weW|p €w,p2 € w}. Forall
w € W let 02 = {W}U{W,UW,}U{W.UW,}. Note that Fy is a DPM.2-
frame and a DPM.2'-frame as can easily be shown and is left to the reader.
Let My = (Fy,v,@). Note that My = OA,0-A,~(OBV PB),-(0OFE Vv O-F),
where A =p;, B= 1, and E = ps.

The rest follows from Theorem B.3. O
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