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Abstract

It is shown that a set of logics, including many fragments of CL,
(Classical Logic) can be embedded within CL. A logic belongs to the
set iff it has a certain type of semantics, called nice semantics. The set
includes many logics presented in the literature. The embedding turns
finite premise sets into finite premise sets. So all embedded logics are
semi-recursive and the partial decision methods for CL can be applied to
them.

1 Aim of this Paper

A logic L is semi-recursive iff there is a Turing machine 7" with the following
property: when given the input (A4,T"), T stops after finitely many steps with
the answer YES iff I' k, A. The machine T, its tape, and the sequence of states
of T and its tape can be described in CL (Classical Logic)—see for example
[5]. This description can be seen as a kind of embedding of L in CL and every
semi-recursive logic can be embedded in CL in this sense. Usually, however,
“embedding” refers to more direct forms of embedding and this paper is about
these.

It was shown in [4] that a set of propositional logics which are paraconsistent
(A and —A can be jointly true) or paracomplete (A and = A can be jointly false)
can be faithfully embedded within CL. In the present paper we generalize this
result not only to the predicative version of those logics, but also to a large set
of fragments of CL that allow for gluts and/or gaps with respect to other logical
symbols than negation—that both A and —A are true is a negation glut; that
AAB is false while A and B are true is a conjunction gap. The embedding result
is further generalized to all logics that have (what we shall call) a nice semantics.
We moreover show that, where L has a nice semantics, A is a formula, and I" is a
recursive set of formulas, there exists a formula A’ and a recursive IV such that
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by, Aiff TV Fer A’. Moreover, if T' is finite, then so is IV. One of the effects
is that partial decision methods can be borrowed from CL, which entails that
the consequence relation of a logic with a nice semantics is semi-recursive. We
shall present an assignment that can serve as a common basis for the two-valued
semantics of all such logics.

The embedding result depends essentially on the existence of a nice semantics
for the embedded logic. This semantics will be deterministic and two-valued;
the semantic metalanguage will always be classical. Before getting there, we
need a few technicalities.

2 Preliminaries

Let £, be the language of CL with the logical symbols =, A, V, D, =, V, 3, and =
(but without function symbols); C is the set of (letters for) individual constants,
V the set of individual variables, and P" the set of predicates of rank r > 0—
predicates of rank 0 will function as sentential letters. Officially, the members of
Prwill be P, Q", R", P, ..., but we shall often write the superscripts invisibly,
relying on the usual convention that we write only well-formed strings. Let F;
and W, denote respectively the set of formulas and the set of closed formulas
of L.

By L we shall refer to any language that has the same non-logical symbols as
L and an arbitrary set of logical symbols. In some contexts £ will be a variable
for such languages, in others it will refer to a specific such language. Let F and
W denote respectively the set of formulas and the set of closed formulas of L.

The easiest way to present the embedding is to consider a language £4, which
extends L£;. We first introduce some functions that have F as their domain.
Let f(A) be the string obtained by replacing in A € F every occurrence of
an individual constant and every free occurrence of an individual variable by
a centred dot. Thus f(Jy(Pay D Qbx)) = f(Fy(Pzy D Qxx)) = Jy(P -y D
Q). Let h(A) be the number of centred dots that occur in f(A)—for example
h(Fy(Pay D Qbx)) = 3. Let g(A) be the (possibly empty) string obtained
by deleting from A all symbols except for occurrences of individual constants
and free occurrences of individual variables. Thus ¢g(3y(Pay O Qbz)) = abz,
and g(3y(Pxy D Qzx)) = zzx. Finally, let the functions g;(A) denote the
ith item in g(A), g;(A) being undefined for i ¢ {1,...,h(A)}. For example,
92(Fy(Pay D Qbx)) = b and g4(Fy(Pay D Qbx)) is undefined.

The language Ly is obtained from £, by adding (i) a new binary predicate I
and (ii) a set of new predicates containing, for every A € W, a predicate P}l((f)).
Thus P? and P\?x(szQz) are new predicates of rank 0, P} and Pvlz(P-DQm) are
new predicates of rank 1, etc. Let, for every r € N, Py be the set of all predicates
of rank r of £y4. Let Fy4 and Wj; denote respectively the set of formulas and the
set of closed formulas of L.

In order to simplify the characterization of the semantic systems, we intro-
duce pseudo-languages. Let O be a set of pseudo-constants; O should have at
least the cardinality of your largest set—the domain of a model is a set and a
member of O should be mapped by the assignment v on every element of O.
The pseudo-language TL is obtained from £ by replacing C by CU O. Let *F
and "W denote respectively the set of formulas and the set of closed formulas
of *£. In a similar way one defines the pseudo-languages "L, and *Ly from L,



and Ly respectively. Their sets of formulas are respectively *F, and *F;, their
sets of closed formulas respectively W, and Wj.

Extend the functions f, g, h, and g¢; to the pseudo-languages 7L, L, and
Ly by letting them refer to CU O UV instead of to CU V. Let Z° = {f(4) |
A€ W;h(A) =0} U™W and, for all r > 0, Z" = {f(A) | A € W;h(A) =r}.
The sets Z7 and ZﬁT are defined similarly (for all » > 0), replacing ™W by the
suitable set of closed pseudo-formulas. Also extend f, g, h, and the g; to the
metalanguage in the standard way.

In the semantic systems, the assignment function v will assign a set of h(A)-
tuples of members of the domain to every f(A) for which A is a closed pseudo-
formula of the language. So v(f(P?ab)) = v(P?--) is a set of couples. If v were
to assign a value to P2, one would obviously require that v(P?) = v(P?--). For
this reason we identify, for every " € P", v(n") with v(x"-...-) (in which -...-
denotes 7 centred dots). As an effect, P" C Z". Moreover, a 0-tuple will be
identified with —see, for example, clause C2.1 in Section 4. So, if h(—=A4) = 0,
(v(g1(—A)), ..., v(gn(=a)(A))) is a 0-tuple, and hence is identified with (—see,
for example, clause C2.3°= in Section 4.

Let, for every r > 0, D(") denote the r-th Cartesian product of D and let
DO = {p}.

Let P C F be the set of formulas that do not contain any logical symbols
(not even identity), and let P~ = PU{a = | o, € CUV}. Let P and P=
be defined analogously in terms of *F and C UQUYV. Finally, let P be the set
of metalinguistic formulas that do not contain any logical symbols and "P= the
set of metalinguistic formulas that do not contain any logical symbols different
from identity.

The further use of symbols will be self-explanatory, except (perhaps) for the
following. ™F will denote the set of metalinguistic formulas (which contain only
metavariables and logical symbols of the object language) and "W the set of
closed metalinguistic formulas. We shall use the following metametalinguistic
variables: A and B as variables for metalinguistic formulas, P" as a variable for
metavariables for predicates of rank r, a, b, ay, ..., as variables for metavariables
for individual constants and individual pseudo-constants, and x as a variable for
metavariables for individual variables. The symbols 2, B, 2, ... will be used
as variables for metalinguistic statements that occur in semantic clauses (we
shall call these statements semantic statements).

3 Nice semantics

All semantic systems will have the same type of models—L is a variable in the
following definition.

Definition 1 A model M (for the language TL and hence for L) is a couple
(D,v) in which D is a non-empty set and the assignment v is as follows:

Ci.1 v:CuUO—D (where D = {v(a) |« € CUO})
C1.2 v:Z" — (D) (for every r € N)

Let M be the set comprising the metavariables for non-logical symbols and
the metavariables for formulas. Let A be the set of members of M that occur
in A. Let m be an instantiation function iff m maps every member of M on



a symbol or formula from the object language for which it is a variable. The
formula m(A) is obtained by replacing every metavariable p € M by m(u).
Let i(A) be the set of all A € W such that m(A) = A for an instantiation
function m. A logical form 1 will be identified with a couple (A, {B1,...,B,})
(n > 0) and a formula A will be said to have the form ¢ = (A, {By,...,B,}) iff
A€i(A)—(i(B1)U...Ui(By)). If n =0, we shall also say that A has the form
of A.

We shall distinguish between two kinds of nice semantics: those for logics
that follow the Rol schema and those for logics that do not. A logic L follows the
Rol schema iff it validates the rule of replacement of identicals: o = 8, A(«) b1,

A(p) for all a, B € C.

Definition 2 By semantic elements we shall mean the expressions that occur
in quotation marks in (i)—(vi):
(i) “vam(B) =17, with B € ™W,
(i) “v(ay),...,v(a)) € v(P")7,
(iii) “v(a) = v(b)”,

(iv) “0=07,
(v) “v(g1(B)),...,v(gn®)(B))) € v(f(B))” with B € "W and B not of the
form a=b,

(vi) “v(B) = {0}” with B € "W).
The semantic elements from (i)—(v) are Rol-semantic elements, those from (i)-
(iv) and (vi) are non-Rol-semantic elements; those from (ii)—-(vi) are semantic
base elements.

Definition 3 A Rol-valuation-defining clause has officially the following struc-
ture:
[Where A has the form ,] vy (A) =1 iff .

provided (i) A is the first element of ¥, (it) A is a finite semantic statement
made up by parentheses, occurrences of “not”, “or”, “and”, “for alla € CUQO”,
“for at least one a € CU O”, and one or more Rol-semantic elements, and
(iii) every metavariable that occurs in A either occurs in A or is bound by (or
occurs in) a metaquantifier of the form “for alla € CUQO” or “for at least one
acCuUO”.

A non-Rol-valuation-defining clause is defined similarly in terms of non-
Rol-semantic elements.

In the examples of semantic systems presented in subsequent sections, we
shall often specify the form of A in a shorter way, leaving it to the reader to
rephrase the clause in official structure. If ¢ = (A, @), the part between square
brackets will be dropped altogether. Another example is clause C2.3°""! of the
Ci-semantics. It reads “where B # —A, vp(=(AA B)) = 1iff ...”7, whereas its
official structure is “where =(A A B) has the form ({=(A A B)},{=(AA—=A)}),
vp(m(AAB))=1iff ...7.

Where 2 is a semantic statement and m is an instantiation function, define
m*(2A) as the result of replacing every metalinguistic variable p that occurs in
A, by m*(u), which is defined as follows: (i) if p occurs in a quantifier “for all
w € CUQO” or “for at least one p € CUQO” or is bound by such a quantifier, then

ISemantic base elements do not refer to the (pre-)valuation value of other formulas.



m*(u) = p, otherwise (ii) m*(u) = m(u). m*(A) will be called an instance of
2.

Definition 4 An instance of the valuation-defining clause
[Where A has the form ,] vpr(A) = 1 iff 2.

1S a statement
vpr(m(A)) = 1 iff m*(A).

provided m is an instantiation function and m(A) has the form 1.

Let T™W comprise all members of TW together with the formulas that result
from replacing in a member of TW one or more members of C U O by metavari-
ables for individual constants. Let the form of the result be identical to the
form of the formula from which it is obtained.

Definition 5 A recursive set ¥ is a complete set of logical forms for L iff
U{A | A € T™W has the form +;+p € O} = TV and no formula of a form
1 € VU has also a different form s € .

Note that, in the following definition, « is an arbitrary variable for individual
constants and a is an arbitrary metametavariable for those.

Definition 6 A regular complexity function for ¥£ is a function c: TW — N
such that, if B(§) € TF, then ¢(B(a)) = ¢(B(«)).

We shall say that a semantics is complex iff a pre-valuation function vy,
is defined in terms of the assignment function v and the valuation function
Vi is defined by Vs (A) = vp(¢p(A4)), in which ¢: W — W is a computable
function. A semantics is simple if the valuation value of a formula coincides
with its pre-valuation value. For the sake of uniformity, we shall then say
that Vas(A) = vp(A). A special common case is that equivalence classes are
defined by a (recursive) partition of all closed formulas and that all members
of an equivalence class receive the same valuation value Vj; in a model M. To
realize this, let s[A] select an element from the equivalence class [A] and define

Definition 7 A semantics for a logic L with language L is nice iff (i) it has
the models presented at the beginning of this section, (ii) there is a complete set
of logical forms U for YL such that, for every ¢ € U, the semantics has a unique
valuation-defining clause

[Where A has the form ,] vpr(A) = 1 iff . (1)

(iii) all the semantics’ valuation-defining clauses are Rol or all are non-Rol,
and (iv) there is a regular complexity function ¢ such that it holds for every
instance of every valuation-defining clause (1) of the semantics,

vy (m(A)) = 1 iff m*(A).

that ¢(B) < c¢(m(A)) whenever B €™t W occurs in m* ().



For all logics with a nice semantics, truth in a model, semantic consequence,
and validity are defined as usual-—we shall sometimes write M IF A to express
that M verifies A. As usual, “model” is used in this paragraph (and in similar
passages later on) as comprising a model M = (D,v) in the strict sense plus
the definition of the valuation function for the specific logic, which is here CL.

A transparent semantic statement is compounded from instances of semantic
base elements by the connectives “(... and ...)”, “(... or...)”, and “not ...”
and by restricted quantifiers of the form “for all « € CUO” and “for at least
one a« € CUQO”. A reduction statement is a statement of the form “vps(A) =1
iff 27, in which 2 is a transparent semantic statement.?

Lemma 1 In a nice semantics for L, a reduction statement “vpr(A) =1 iff A7
holds for every A € "W, and there is an algorithm for constructing it.

Proof. Let the semantics be nice in view of the complete set of logical forms ¥
and let ¢ be a regular complexity function suitable for the nice semantics. We
prove by an induction on d(A4) = ¢(A) — min{c(B) | B € "W} that a reduction
statement “vp(A) = 1 iff A” holds for every A € THV. We also show the way
in which the reduction statement is constructed.

For the basis, let d(A) = 0 and let ¢ € ¥ be the form of A. As there is
no B € ™MW for which ¢(B) < ¢(A), the clause for 1) cannot contain semantic
non-base elements in view of Definition 7. So the instance “vps(A4) = 1 iff A” of
this clause is a reduction statement.

For the induction step, suppose that there is a reduction statement
“opp(B) = 1 iff B” for all B € "W for which d(B) < n. Consider an A
for which d(A) = n and let ¢ € ¥ be the form of A. Consider the instance
“vp(A) = 1 if A of the clause for ¢. In view of Definition 7, d(B) < n for
every vp(B) = 1 that occurs in 2. So, for every such vy (B) = 1, there is
a reduction statement “vys(B) = 1 iff B” in view of the induction hypothesis.
Replacing in “vpr(A) = 1 iff 7, for every B € T"W, every vy (B) = 1 by B
one obtains a reduction statement “vp(A) =1if A”. =

Corollary 1 In every nice semantics, var(A) is, for every A, a function of the
model M .

Corollary 2 In a nice semantics for L, whether simple or complez, a reduction
statement “Vir(A) =1 iff A7 holds for every closed formula A, and there is an
algorithm for constructing it.

Obviously, there may be several 2 for which “Vj;(A) = 1iff A” is a reduction
statement. If that is so, we shall take one such 2 to be selected—2 will then be
called the selected transparent statement.

4 Classical Logic and Its Basic Fragments

We begin with a nice semantics for CL. Its models are as defined at the outset
of the previous section (here for the language *L;). The valuation function
var: W — {0, 1}, determined by M, is defined by:

2Non-logical symbols of the object language occur in this occurrence of 2 (and in future
occurrences of similar expressions) and this was not the case for former occurrences. The
context disambiguates everywhere.



C2.1  wy(r"ar...q) =1iff (v(aq),...,v(a)) €v(x") (r>0)>
C2.2  wvy(a=p)=1iff v(a) =v(B)

C2.3 UM(_\A) =1iff ’U]\/[(A) =0

C24 ovy(ADB)=1iff vp(A)=0o0rwvy(B)=1

C25  oy(AAB)=1iff vy (A) =1and vy (B) =1

C26 ovm(AVvB)=1iff vy (A)=1orovy(B)=1

C2.7  vy(A=B)=1iff vy (A) = vy (B)

C2.8 oy (VEA(E)) =1iff vy (A(a)) =1foralla e CUO

§)
C2.9 vy (3EAE)) =1 iff var(A(e)) =1 for at least one a € CUO

Forall Ae W, M |- A iff vp(A) = 1.

In order to extend the semantics to Ly, replace Z” by Z and W by Wy in
the definition of the assignment. This version will be used for the embedding.

Each of C2.1-9 specifies the valuation values of all formulas of a certain
logical form. Let us call these nine logical forms the simple logical forms.

The basic fragments are obtained by removing one or both directions of the
equivalences in the clauses C2.1-9. Thus, by removing “if vy;(—A) = 1, then
vpr(A) = 0”7 some models will display negation gluts, by removing “vp(—A4) =1
if vpr(A) = 0” some models will display negation gaps, and by removing both,
some models will display both negation gluts and negation gaps.* Similarly, by
removing “If vps (AAB) = 1, then vps(A) = 1 and vy (B) = 17 some models will
display conjunction gluts and by removing “vas (3€A(E)) = 1if vp (A(w)) = 1 for
at least one a € C U O” some models will display existential gaps. A semantics
that allows for predicative gluts or gaps is obtained by removing one or both
directions of C2.1.

The resulting semantic systems are indeterministic: the valuation values of
formulas are not functions of the assignment values of their components. We
shall devise equivalent nice (and hence deterministic) semantics, but first point
to another peculiarity.

If some models of a logic L display gluts or gaps, Rol does not hold in L.
In view of C2.1 and C2.2, vy;(a = b) = 1 warrants that vy (Pa) = v (P)).
But if there is, for example, a negation glut or gap, vay(a = b) = 1 does not
warrant that vy (—Pa) = vp(—=Pb). For some purposes, however, one will want
to combine gluts or gaps with Rol. It is indeed possible to do so, as we now
shall show.

An obvious example concerns gluts and gaps for negation. The six basic
fragments handle negation gluts, negation gaps, or both negation gluts and
gaps respectively. Rol does not hold in the first three logics, but holds in the
last three (that have identity in the superscript). The nice semantics of the
six logics is obtained from the above CL-semantics for £ by replacing C2.3
according to the following table:

CL || CLoN | CLuN | CLaN | CLoN~ | CLuN~ | CLaN~™
C2.3 || C2.3° c2.3* | C2.3¢ C2.3°% C2.3%= C2.39=

The replacing clauses are:
C2.3° oy (—A) =1iff v(-A) = {0}

3 As stipulated in Section 2, (v(a1),...,v(ar)) = B if r = 0. So vy (70) = 1 iff v(7°) = {0}.

4The resulting logics are called CLuN (for example in [3]), CLaN and CLoN
respectively—they are like CL except in that they allow for, respectively, gluts, gaps, and
both gluts and gaps with respect to negation.




C2.3% vy (—A) =1iff vy (A) =0 or v(=A) = {0}
C2.3% vy (=A) =1iff vy (A) =0 and v(—A) = {0}
1(—

C2.3°= oy (2A) = Liff (v(g1(=A)), ..., v(gn-4)(7A))) € v(f(=4))

C2.3v= U(l\/lé—\j))) 1 iff U]W(A) = 0 or <’U(gl(—\A)),...,U(gh(_,A)(_\A))> S

C2.3°7 wm(=A) = 1iff v (A) = 0 and (v(g1(24)), ..., v(gn(-a)(7A))) €
v(f(=4))

Other gluts and gaps are handled similarly. Suppose that one wants to
allow for gluts or gaps with respect to some logical symbol. In the above CL-
semantics, the symbol is characterized by a simple form A and the clause for it
reads “vpr(A) = 1iff Z” for some Z. In this clause, one replaces the expression
“Z” by “Z or Y” to allow for gluts, by “Z and Y” to allow for gaps, and by
“Y” to allow for both. In these expressions, Y is either v(A) = {0}, in which
case Rol is invalidated, or (v(g1(A)),...,v(gnn)(A))) € v(f(A)) in which case
Rol is validated. Consider the clause for the universal quantifier as an example.
Only gluts are allowed by the clause

v (VEA(€)) =1 iff vy (A(a)) =1 for all € CUO or v(VEA(E)) = {0},
which invalidates Rol. Both gluts and gaps are allowed by the clause

v (VEA(E)) = 1 iff
(0(g1(VEA(E))) - -, v(gnveace) (VEA()))) € v(f(VEA(L))),

which makes sure that Rol is validated.

Some special cases deserve a comment. The first case concerns predicative
gluts or gaps. Consider the Rol variant of what the clause for predicative gluts
would be:

v ("o .T..ozr) =1iff (v(a1),...,v(a)) € v(x") or

gi(m"ar .. ), Ghrray .y (Thar o)) € o(f(T"ar ... )

which is equivalent to

op ("o o) = 1A (v(aq), ..., v(ap)) € v(n") or
(v(ar),...,v(a)) €v(f(n"ay ... ap)).

In Section 2 we have identified v(7") with v(f(7"a; ... a;)), but suppose we
did not do so. Where M = (D, v), there obviously is a model M’ = (D, v’) that
is exactly as M except that v'(7") = v(7") Uv(f(7"aq ... ,)) and in which
there are no predicative gluts in that the corresponding clause there reads:

opr (mTag o) = 1IE (0 (@), .., 0 (@) €0/ (77) .

It is easily seen that vy (A) = vpr(A) for all A € TW.

So the semantics is equivalent to (defines the same consequence relation
as) a simpler semantics. As this simpler semantics does not introduce pred-
icative gluts, it follows at once that the original semantics does not introduce
any identity gluts that show at the level of the consequence relation. By the
same reasoning, one immediately sees that predicative gaps, either by them-
selves or combined with predicative gluts, are a useless complication if the se-
mantics follows the Rol schema. So there is no harm in identifying v(7") with
v(f(m"ay ... ) as we did.



If the logic does not follow the Rol schema, predicative gluts and gaps do
have effect. Consider a semantics that is exactly like that for CL except that
clause C2.1 is modified in order to allow for gluts and/or gaps. It is easily seen
that Rol is not valid on this semantics.

The second special case is identity. As we are not interested here in the
study of the basic logics themselves, two comments are sufficient. First, the Rol
variant of the clause for identity gluts, which reads

onila = ) = 1iff v(a) = v(8) or (v(a),v(B)) € v(- =),

obviously does not warrant the validity of Rol. Indeed, it allows for models in
which v(a) # v(b), (v(a),v(b)) € v(- =), v(a) € v(P), v(b) ¢ v(P), and hence
vy (a =b) = vy (Pa) =1 and vp (Pb) = 0. Similarly for the Rol variant of the
clause that allows for both identity gluts and gaps. The resulting logics have a
semantics that follows the non-Rol schema.

We shall show that all basic fragments of CL can be embedded in CL. The
same holds for certain extensions and fragments of them, which we discuss in
the next section.

5 Other Logics that Have a Nice Semantics

An extension of a logic L may be defined in terms of axiom schemata. If one
adds to the semantics of L a clause vps(A) = 1 for every new axiom schema
A, the result will not be sensible because the new clauses may (and for some
models will) contradict one of the original clauses for L. This, however may
sometimes be repaired by first considering the original clause as a default (which
is overruled by the new clauses) and next turning the semantics into a consistent
and recursive one.

As a simple example, consider the extension of CLoN with the axiom schema
——A D A. The new semantic clause is vpr(——A D A) = 1, which is contextually
equivalent to “vpr(——A) = 0 if vp(A) = 0.7 It readily turns out that C2.3°
should be replaced by C2.3" and C2.3":

C2.3" if A is not of the form =B, then vy (—A) = 1 iff v(=A) = {0}
C2.3" g (——A) = 1iff vpr(A) = 1 and o(——A) = {0}

5.1 Some Maximal Fragments of CL

Two sets of logics between CL and those listed in the table in Section 4 will be
considered.’

The first six will be called Schiitte logics because their propositional frag-
ments were first presented in [12]—their names are formed by appending a “s”
to the systems they extend. The nice semantics for these systems is obtained
from the CL-semantics of Section 4 by adding C2.377-C2.377 and by replacing
C2.3 according to the following table:

CL | CLoNs | CLuNs | CLaNs | CLoNs= | CLuNs= | CLaNs=
C2.3 | C2.3°° C2.3up C2.39P C2.3°=pP C2.3v=p C2.3%=p

5All logics considered in this section have a characteristic three-valued semantics and their
propositional fragments are maximally paraconsistent—see [2].



Here are the clauses:

C2.377 If Ae*P=, vy (—A) =1iff v(=A) = {0}

C2.3vp If AeP=, vy (—A) =1iff v (A) =0 or v(=A) = {0}

C2.397 If AeP=, vy (—A) =1iff v (A) =0 and v(—A) = {0}

C2.3°=p If A e P~ R U]\,{(“A) = 1 iff <’U(gl(ﬁz4)>7...,’U(gh(_\A)(ﬁA)» S
o(f(~A))

C2.3v=p If A e P=, vy(=A) = 1 iff vy (A) = 0 or (v(g1(=4)),...,
0(gnn(2A)) € v(F(~A))

C2.3%=p If A e P=, vpy(=A4) = 1 iff vy (4) = 0 and (v(g1(—4)),...,
v(gn(-a)(=A))) € v(f(=A))

Cc2.37" UM(_\ﬂA) = U]\/I(A)

2.3 m(=(AD B)) =wvy(AA-B)

Cc2.37V ’U]\/[( (AANB)) =vym(mAV-B)

C2.3ﬂi vM(ﬂ(A\/B)) = vy (AN -B)

C2.37= v (=(A=B)) =vu((AV B)A(-AV-B))
C2.37v UM(ﬁV&‘l( )) = var(FE-A(E))

C2.373 vp (~FEA(E)) = var (VE-A(E))

While these six systems ‘drive’ negations of complex formulas ‘inwards,” we
now consider six systems in which negations behave classically in front of com-
plex formulas. The logics arec called CLoNv, CLuNv, CLaNv, CLoNv~,
CLuNv~=, and CLaNv~=—the “v” refers to Arruda’s so-called Vasil’ev system
from [1], which is the propositional fragment of CLuNv and CLuNv~=.

The semantics of these logics is the same as that of the corresponding Schiitte
logic, except that C2.3% is added instead of C2.377-(C2.373:

C2.3Y where A € TW — 1P=, vy (—mA4) = 1 iff vy (A4) =0,

5.2 Linguistic Extensions and Fragments

Several logics are fragments of the aforementioned ones, obtained by removing
some logical symbols from the language. Their semantics is obtained by select-
ing the relevant valuation clauses from the logics of which they are fragments.
Examples are LP from [10] (obtained from CLuNs~ by removing D from the
language), the predicative version of SKg from [8], etc.

Other logics are obtained from aforementioned fragments of CL by adding
logical symbols that are definable in CL. Typical examples are logics extended
with the missing classical connectives. Thus, if a logic handles negation gluts
or gaps, the language may be extended with classical negation, say ~. If it
handles conjunction gaps or gluts, the language may be extended with classical
conjunction, say M. The advantage of this linguistic extension is that it often
greatly simplifies the metatheory.

The easiest way to handle linguistic extensions is to extend the language
L and the pseudo-language T£ with the new symbol, and to extend the CL-
semantics with an appropriate clause for the new symbol. In the case of added
classical symbols, this clause will duplicate that for the original symbol (except
for the single occurrence of the new symbol itself).
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5.3 Other Roads to Gluts and Gaps

Many more logics than the ones described in this paper have a nice semantics
and can be embedded in CL by the method described below.

Consider the result of replacing, in the CL-semantics from Section 4, C2.1
and C2.2 by

C2.1° wy(rar...qp) ={0}ifv(r"a1...00,) =1 (r>0)
C2.2° wy(la=p8)=1if v(a=8) = {0}

and C2.3 by C2.377-C2.377 together with

C2377 wy(—1m"aq . ..ap) = 1iff (v(aq),...,v(ap)) € v(n") (r>0)
€237 vy (—a=p) =1iff v(a) # v(B)

Suppose moreover that classical negation, ~, is added to the language and
correctly defined within the semantics—see the previous subsection.

The resulting logic allows for predicative gluts and gaps, for identity gluts
and gaps, but also for negation gluts and gaps. The logic is not equivalent to any
of the logics considered before, even if these are extended with classical negation.
Indeed, unlike all previously considered logics, the present logic validates “If
'k ~-a =5, then '+ —A(a) = -A(D).”

Our proofs in Section 6 can handle gluts and gaps for different simple forms,
provided all of them are Rol variants—we then say that the logic follows the
Rol schema—or all of them are non-Rol variants—we then say that the logic
follows the non-Rol schema.

5.4 A nice semantics for C;

A set of logics that have a nice semantics are the well-known C,,-systems (n € N)
from [6], further studied in [7] and many other papers—Cj is CL.

The nice semantics for C; is like the one for CL, apart from the fact that
vy is not equal to V), for Cq and that clause C2.3 must be replaced by clauses
C2.3°7P to C2.3°77.

C3 Va(A) = vpr(T(A)), where T'(A) is the result of first deleting all the
vacuous quantifiers in A and then uniformly replacing all variables
by the first variables of the alphabet in alphabetic order.

C2.3¢77  Where A € P=: vy (—A) = 1iff v(4) =0 or v(—A) = {0}

C2.37"  wy(——A) = 1 it vy (mA) = 0 or (vm(—A4) = v (A) = 1 and
v(=—A4) = {0})

C2.37°  wy(-m(ADB))=1if vy (A D B)=0or ((vy(—A4) =vy(A) =1
or vy (=B) = vy (B) = 1) and v(—~(4 D B)) = {0})

C2.3V  wy(—~(AVB))=1iff vy (AV B) =0 or ((vpm(—B) =vym(B)=1or
v (—C) = vy (C) = 1) and v(—(AV B)) = {0})

C2.3¢7N where B # —A: vy (~(AAB)) = 1iff vy (AAB) = 0 or ((var(—A) =
vapr(A) =1 or vy (=B) = vp(B) = 1) and v(—(A A B)) = {0})

C2.37"2  up(=(ANA—A)) = 1iff vy (—A) # vy (A)

02.3577  wy(—Vad(a)) = Tiff vy (VaA(a)) = 0or (v (mA(B)) = v (A(B)) =
1 for at least one € CU O and v(—VaA(a)) =

02.3°77  wy(-3ad(a)) = Tiffvy (FaA(a)) = 0or (v (~A(B)) = v (A(B)) =
1 for at least one S € CUO and v(—-3aA(a)) = {0})

Adjusting the semantics to any logic C,, (n € N) is straightforward.
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5.5 A nice semantics for AN

The logic AN was presented in [9] by means of an elegant three-valued seman-
tics. Its peculiarity is that paraconsistency is realized by weakening disjunction.
AN validates all ‘analysing rules’ at the expense of giving up some ‘constructive
rules’.

The nice semantics for AN is like the one for CL, except that vy, is not
equal to V), that the clauses for negation and disjunction are replaced as shown
below, and that the clauses for implication and equivalence are removed—they
are useless in view if C3.

C3 Vm(A) = vy (B), where B is the prenex conjunctive normal form of
A—see, for example [5].

C2.3%7 If A€ 1P=, vy (—A) =1 iff vpr(A) =0 or v(=A) = {0}

C2.37 ’UM(ﬁﬁA) = UM(A)

C2.37V ’U]\/[(_'(A AN B)) = U]w(—\A V —\B)

C2.3™" vy (=(AV B)) =vpy(—AA-B)

237 uag (SFEA(E)) = var (FEAA(E))

237 wag (~FEA(E)) = var (VE-A(E))

C2.6%Y vy (AV B) = 1iff (vpr(A) =1 and vp(=A) = 0) or (vp(B) =1 and
ort(~B) = 0) or (orr(A) = vne(B) = 1)

5.6 A nice semantics for Lukasiewicz’s m-valued logic L,,

The logical symbols of the language of L,, are D, = and V. A m-valued se-
mantics (with values 1,2,...,m, of which 1 is the only designated value) for
these symbols is the following: vr(A D B) = max(1l,1 4+ v (B) — v (A4)),
v (mA) =m —vp(A) + 1 and vy (VEA(E)) = maz{vL(A(a)) | a € CUO}.

The nice semantics is most easily phrased in terms of defined symbols.
As was established in [11], it is possible to define a set of symbols {Ij |
k € {1,...,m}} within L,, such that (i) vp(Ix(4)) = 1 iff v (A) = k and
(ii) vy (Ix(A)) = m otherwise. One most easily proceeds as follows.

D1 A&B =df —|(A D _‘B)
D2 AAB =4 A&(A D B)
D3 AVB=4 ((ADB)D>B)&(B>A)DA)

7 times

DA Al =4 ALAL ... &A

: m—k
Let f,,(k) denote the least integer n > 7.

D5 Define I (A) recursively by:
(i) L(A)=Am"1,
(i) if k < max(l,m—((k—1) x fm(k))), then Ix(A) = (=AM v A) >
(= Afm ) A A) )1 and
(il) if k> maz(l,m—((k—1)X f,(k))), then Iy (A) = I; ) (=(AS=*))).
D6 Ji(A)=L(A)V (A V...V I(A)

The nice semantics, which is two-valued, looks as follows (where vy (I (A4)) =
1iff vy (A) = k).

C2.1Y vy (L(n"ay ... ap)) = 1iff (v(aq),...,v(a)) €v(x") (r >0)

12



C2.1%  wherek € {2,...,m—1}, vpr(Ix(n a1 ... ) = 1iff (v(ay),...,v(a)) €
v(f(Ig(n"aq ... ap))) and for every i < k, vy (Li(n"aq... ) = 0
(r=0)

C21™ vy (I (7"ay ... ) = 1 iff for every i < m, vy (Li(7" a1 ... ) = 0
(r=0)

€235 vy (T (=A) = 13 var (Tms1—i(A)) = 1

c2.4k° vm(Ix(A D B)) = 1iff var(L;(A)) =1 and var(I;(B)) = 1 where ¢ and
j are such that k = maxz(1,1+ 75 — 1)

C2.8% vy (I(VaA(@))) = 1 iff for all B € CU O, vy (Ji(A(B))) = 1 and for
at least one S € CUO, vp(Jp+1(A(B))) =0

C2.10  where A is not of the form I}(B), vp(A) = var(I1(4))

Some of the above clauses look rather like schemata for clauses because m
is unspecified and k is a variable. Once a specific logic L, is chosen, C2.1*
may be turned into m — 2 clauses—similarly for the other clause schemata.
The quantifiers over natural numbers are then turned into finite disjunctions or
conjunctions of semantic statements. So once a specific logic L,, is chosen, one
obtains a nice semantics for it.

A suitable complexity function c¢ for this nice semantics is defined by the
following clauses: if A € P, then c¢(4) = 1; c(Ix(A)) = c(A) + k — 2;5 if
—A does not have the form I (A), ¢(=A) = c¢(A) + m + 1; if A D B does
not have the form I;(A), ¢(A D B) = ¢(A) + ¢(B) + (2 x (m + 1)); finally
c(VaA(a)) = (3 x m x c¢(A(B))) + (15 x (m + 1)?) for all 3 € C.

6 The Embedding

Let L be a logic that has an adequate nice semantics. In order to show that L
can be embedded in CL, we shall first turn the L-semantics into a translation
function tr which maps formulas (and sets of formulas) from W to formulas
(and sets of formulas) from W, thus taking care of the embedding. We shall
distinguish between two cases according as L follows the Rol schema or not.
The second case is slightly more complicated.

6.1 Logics Following the Rol Schema

Let L be a logic that follows the Rol schema and has a nice semantics—so
without gluts or gaps for either predicates or identity. We shall prove that,
where ' C W and A € W, T by, A iff tr(T') Fer tr(A), in which tr(T) is a finite
set whenever T is finite.

Definition 8 Where L is a logic that follows the Rol schema and has a nice
semantics, the translation function tr: W — W for L is defined as:

tr(A) = TRoI(X),

where A is the selected transparent semantic statement for which “Vy(A) = 1
iff A7 is a reduction statement” and TRol is the function from transparent

6Note that I;(A) has the form =B if m > 2 and has the form =B or B D C in case m = 2.
7See Corollary 2 and the subsequent paragraph.
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(i) TRoI((A)) = (TRoI(A))
(i) TRol(not A) = “TRoI(A)
(iii) TRoI(A and B) = TRoI(B) A TRoI(*B)
(iv)  TRoI(2 or B) = TRoI(A) vV TRoI(B)
(v) TRolI((a) for all a € CUO) = V& TRoI(A(E)),

where ¢ is a variable that does not occur in 2((a)
(vi) TRoI(2(a) for at least one a € C U O) = I TRoI(A(E)),
where £ is a variable that does not occur in 2((a)
(vii) TRoI({(v(a1),...,v(aw)) €v(n")) =7"a1...qp
(viii) TRol(v(a) =v(8)) =a =4
) if A ¢ 1P,
TRoI((v(g1(A)), -, v(gn(ay(A))) € v(F(A))) = P} {4 g(A)
(x) TRoI(0=0)=(P°Vv-PY

Table 1: Rol schema: from the semantics to tr

semantic statements to Wy-formulas that is recursively defined in Table 1. The
translation function is extended to sets by tr(I') = {tr(A) | A € T'}.

Together with definition 7, the definition of the translation function warrants
that tr is a total function.

Let us at once consider a complex example, viz. the translation function for
CLuNs=. The translation function is recursively defined as follows:®

T1 tr(n"oy .. o) =71 ... (r>0)
T2 trla=08)=a=0

T3 tr(A D B) = tr(A4) D tr(B)

T4 tr(A A B) = tr(A) A tr(B)

T5 tr(AV B) =tr(A) V tr(B)

T6 tr(A = B) = tr(A) = tr(B)

T7 tr(VEA) = VEtr(A

)
T8 tr(3EA) = 3 tr(A)
T9=7 If A € *P=, tr(~A) = ~tr(4) V Py g(=A)
T9™™ tr(—|—\A) = tr(A)
T957°  tr(—=(A D B)) = tr(A) A tr(—=B)
TO N tr(~(AA B)) = tr(=A) V tr(~B)
T~V tr(
T957™= tr(=(A = B)) = (tr(A) V tr(B)) A (tr(—A) V tr(=B))
TSV tr(—VEA) = I tr(—A)
T9™F  tr(

Definition 9 Where M = (D,v) is a L-model for L and M’ = (D,v') is a
CL-model for TLy, let RM M’ iff the following conditions are fulfilled:

Rl Ifa€CUOQO, then v'(a) = v(a).

R2 If A€ P, then v'(A) = v(A).

8The translation function as presented here is slightly more restricted than the one ob-
tained by Definition 8. The difference concerns only the clauses for the quantifiers, for which
Definition 8 may lead to a relettering of the obtained formula.
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R3 If A ¢ *P=, then v'(P}1)) = v(f(A)).

Lemma 2 (i) For every L-model M = (D,v) for L there is a CL-model M’ =
(D,v") for *Ly such that RMM' and (ii) for every CL-model M" = (D,v') for
*Ly there is a L-model M = (D, v) for *L such that RMM'.

Proof. Immediate in view of Definition 9. m

Lemma 3 If M = (D,v) is a L-model for TL, M' = (D,v') is a CL-model for
Ly, RMM', and 2 is an instance of a semantic base element, then A holds
true in M iff var (TRoI(A)) = 1.

Proof. Suppose that the antecedent is true. There are four cases.
Case 1: 2 has the form (v(a1),...,v(a,)) € v(x"), whence TRoI(2) is
m"aq ... a,. The consequent of the lemma follows in view of R1, R2, and C2.1.
Case 2: 2 has the form v(a) = v(B), whence TRoI(2() is & = . The
consequent of the lemma follows in view of R1 and C2.2.

Case 3: 2 has the form (v(g1(A)),...,v(gna)(A))) € v(f(A)) and A ¢ TP=,

whence TRoI(2) is P;L((:)) g(A). The consequent of the lemma follows in view of

R1, R3, and C2.1.
Case 4: 2 has the form 0 = 0, whence TRolI(2l) is P°V—P°. The consequent
of the lemma follows in view of C2.6 and C2.3. m

Lemma 4 If M = (D,v) is a L-model for *L, M’ = (D, v’} is a CL-model for
Ly, RMM', and 2 is a transparent semantic statement, then A holds true in

Proof. Suppose M = (D, v) is a L-model for £, M’ = (D,v') a CL-model for
*Ly and RMM’. We prove that

2 holds true in M iff vpp (TRoI(2A)) =1 (2)

for every transparent semantic statement 2, by means of an induction on the
complexity of transparent semantic statements®.

Base case: 2 is an instance of a semantic base element. So (2) follows by
Lemma 3.

For the induction step, suppose that, for every transparent semantic state-
ment B that is less complex than A, B holds true in M iff vy (TRoI(B)) = 1.
There are five cases.

Case 1-3. 2 is of the form “not B”, “B; and By”, or “B; or By”, whence
respectively TRoI(2) = —TRoI(®8), TRoI(2) = TRoI(B1) A TRoI(B2) and
TRoI(2() = TRoI(B1) V TRoI(Bs). (2) follows in view of C2.3, C2.5, C2.6 and
the induction hypothesis.

Case 4 and 5. 2 is of the form “B(a) for at least one a € CU O” or
“B(a) for every a € CUO”, whence respectively TRoI(2() = IETRoI(B(€)) and
TRoI(2) = VETROI(B()). In view of C2.9 and C2.8, vy (FETROI(B(E))) =1
iff v (TROI(B(x))) = 1 for at least one v € CUO and vy (VETROI(B(E))) =1
iff var (TROI(B(a))) =1 for all & € C U O. The induction hypothesis entails

9The complexity of a transparent semantic statement, which should not be confused with
the complexity function of a nice semantics, is the number of connectives and quantifiers that
occur (in English) in the statement.
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that for all &« € CU O, B(«) holds true in M iff vpp (TRoI(B(w))) = 1. Hence,
v (FETROI(B(E))) = 1 iff B(«w) holds true in M for at least one o € CU O
and vy (VETROI(B(E))) = 1 iff B(«) holds true in M for all « € CUO. So we
have established (2). m

Lemma 5 If tr is the translation function for L, M = (D,v) is a L-model for
L, M' = (D,v') a CL-model for *L4, and RMM’, then vap (tr(A)) = var(A).

Proof. Immediate in view of Definition 8, Lemma 4 and Lemma 3. =

Theorem 1 If L has a nice semantics that follows the Rol schema and tr is
the translation function for L, then T' Ey, A iff tr(T") FoL tr(A).

Proof. By Lemmas 2 and 5, if a L-model M verifies I and falsifies A, then there
is a CL-model M’ that verifies tr(T") and falsifies tr(A), and vice versa. m

If T is a finite set, then so is tr(T).

6.2 Logics Following the Non-Rol Schema

Let A= = {Valzz,VaVyVz(Izy D (Izz = Iyz))} U {VaVy(Izy D (A(z) =
A(y))) | A(z) € P}.1% The main general difference with the previous subsection
is that, whenever L has a nice semantics, the translation function tr will be such
that where I' C W and A € W, T b, A iff tr(T) U A= Fer tr(A). AT is an
infinite set, but we shall also be able to show that, under the above conditions,
Iy Aiff tr(I) UAR 4y For tr(A4), in which tr(I') U AR 4, is a finite set
whenever T is finite.

Definition 10 Where L is a logic that follows the non-Rol schema and has a
nice semantics, the translation function tr: W — Wy for L is defined as:

tr(A) = TNRoI(2),

where 2 is the selected transparent semantic statement for which “Vys(A) =1
iff A7 is a reduction statement and TNRol is the function from transparent
semantic statements to Wi-formulas that is recursively defined in Table 2. The
translation function is extended to sets by tr(T') = {tr(A) | A € T'}.

Let us at once consider a complex example, viz. the translation function for
C;. The translation function is defined by:!!

T1 tr(A) = tr'(T(A)), where T'(A) is the result of first deleting all the
vacuous quantifiers in A and then uniformly replacing all variables by
the first variables of the alphabet in alphabetic order.

T2 ' (m"ay . oop) =7"ar .o (> 0)
T3 tr'(a=p) =Iap

T4 tr'(A D B) = tr'(A4) D tr'(B)

T5 tr'(A A B) = tr'(A) A tr'(B)

10A= CL-entails VaVy(Izy D Tyz) as well as VaVyVz(Izy O (Iyz D Izz)).

HThe translation function as presented here is slightly more restricted than the one obtained
by Definition 10. The difference concerns the clauses for formulas that contain quantifiers, for
which Definition 10 may lead to a relettering of (parts of) the obtained formula.

16



T6
T7
T8
T9

i) TNRoI((2)) = (TNRoI(2))
(i) TNRoI(not 2A) = “TNRoI()
(ili) TNRoI(2 and %B) = TNRoI(%) A TNRol(B)
(iv) TNRoI(2 or ) = TNRoI(2l) V TNRoI(‘B)
(v) TNRoI(2(a) for all a € CUO) = V¢ TNRoI((¢)),

where ¢ is a variable that does not occur in 2((a)
(vi) TNRolI((a) for at least one a € C U Q) = 3¢ TNRoI((¢)),
where £ is a variable that does not occur in 2((a)

(vii) TNRoI((v(ai),...,v(a)) €v(n")) =7"ay...qp
(viii)  TNRol(v(a) = ( ) = Iaﬁ
(ix) TNRol(v(A) ={0}) = ) 9(A)
(x) TNRoI(0=0)=(P°vV PO)
Table 2: Without Rol: from the semantics to tr
tr'(A vV B) = tr/(4) v tr'(B)
tr'(A = B) = tr'(4) = tr'(B)
tr' (VEA) = VE' (A)
tr/(3EA) = ' (A)

T10v=P If A € 1P=, tr'(=A) = ~tr'(A) v PLOY g(-A)

f=a9

T10°7"  tr/(—==A) = —tr/(=A) V (tr'(=A) A tr/(A) A PR g(—=4))

f(ﬁﬂA)

T10°°  t/(—(A D B)) = ~tr'(A O B) V (((tr'(=A) A tr'(A)) V (t2/(=B) A

t'(B))) A PrC A ena(—(A D B)))

T1057" if B is not of the form —A: tr/(=(AAB)) = =t/ (AAB) V (((tr'(=A) A

tr'(A)) V (tr' (=B) At (B))) A L g(~(A A B)))

T1057"2 tr’(ﬁ(A A =A)) = =(tr'(A) At (—A))
T10°7V  tr'(=(AVB)) = —tr' (AVB)V (((tr' (= A) Atr' (A)) V (tr' (= B)Atr’ (B))) A

T10°"=  tr'(=(A = B)) = —tr/
T1057 tr’(—|V§A(§)) =

T10573  tr’ (ﬁagA(g)) =

h(—(AVvB
Pf(( ((A\\//B))) (=(A v B)))

= B)V ((t'(=A) A t'(A)) V (&' (=B) A
B))

tr (B)))/\Ph( A= B” (A=B)))
tr'(VEA(E)) VvV (FE(tr'(mA(E)) A tr'(A(€))) A

(A
g(-
PrEA ) g(veA(e >>>
~tr (FEA(E)) V(BB (A) A t(A() A
)

R(-3€A(©))
Prseae) 9(-FEAQ)

Definition 11 Where M = (D,v) is a L-model for TL and M' = (D,v') a
CL-model for TLy, let SMM' iff the following conditions are fulfilled:

S1
S2
S3

54

set

Ifa e CUO, then v'(a) = a.
If 7" € P, then v'(7") = {{a1,...,ar) | (v(a1),...,v(a)) € v(7")}.
V(1) = {{a, B) | v(@) = v(B)}.

For all A € W, if f(A) # I, then v/( f((f))) = {{a1,...,a.) | for some

Be™W, f(B) = f(A), v(B) = {0} and g(B) = o1 ... }.

Two models (for the same language) are equivalent iff they verify the same
of formulas. Where M = (D, v) is a CL-model for Ty, a predicate 72 € 77:12

will be called an identity relation over TLy in M iff v(7?) is reflexive, symmetric
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and transitive and, for all p" € P7, if <v(a1) So(ay),. .., v(ar)) € v(p") and
(v(ai), v(B)) € v(r?), then (v(an),...,v(B),...,v(ar)) € v(p").

Lemma 6 (i) For every L-model M = (D,v) for L there is a CL-model M’ =
(CUO, ') for TLy such that SMM', and (u) for every CL-model M" = (D" ")
for TLy in which I is an identity relation over Ly, there is an equivalent CL-
model M' = (CUO,v") for TLy and there is a L-model M = (D, v) for *L such
that SMM’.

Proof. The proof of (i) is immediate in view of the definition of SMM’. For
the proof of (ii), consider a CL-model M" = (D", v") for TL; in which T is an
identity relation over TLy. Let M' = (CUO,v’) be a CL-model for *£4 in which
v’ fulfills the following conditions:

(a) Where a € CUO, v'(a) = a.
(b) Where 7" € Py, v'(7") = {{a1,..., ) | (v"(c1),...,v"(ar)) € V" (77)}.
We leave it to the reader to prove that M’ is equivalent with M” and that
I is an identity relation over *Ly in M.
Let, for all « € CUO, [al = {8 € CUO | (o,B) € v'(I)}. Define a L-
model M = (D,v) in which D = {[a] | @ € C U O} and v fulfills the following

conditions:

vl Where a € CUO, v(a) = [a].
v2 Where 7" € P", v(7") = {{([oa], - - ., [a 1) | {@1,...,ap) €' (7")}.
v3 Where A € "W and g(A) = a1...apa), v(A) = {0} iff (0q,...,an)) €

h(A)
v (Pf(A) ).

SM M’ holds because M and M’ are models of the right sorts, (a) warrants
S1, S2 is warranted by vl together with v2 and the fact that I is an identity
relation over "Ly in M’, v3 warrants S4, and, given the way in which D is
defined, v1 warrants S3. =

Lemma 7 If SMM’, then M' |- A=.

Proof. Suppose that SMM’. S1, S3 and C2.1 jointly warrant that vy, (Vzlzz) =
vapr (VaVyVz(Ioey D (Ixz = Tyz))) = 1.

Suppose moreover that vy (VaVy(Izy D (A(z) = A(y)))) = 0 for some
A(z) € P, whence vy (VaVy(Izy D (A(z) D A(y)))) = 0 or vpp (VaVy(Tzy D
(A(y) D A(x)))) = 0. We only consider the first possibility. It follows that there
are a, f € CUQO such that vy (Iaf) = v (A(a)) =1 and vp (A(B)) = 0. We
shall show that this is impossible.

As vy (IapB) =1 (for those o and ), v(a) = v(B) by S1, S3 and C2.1. As
A(z) € P, and hence A(a) € TP, it follows that A(«) has the form 77~ ...,
and that « is one of the v; (1 <4 < 7). Let us represent this by 7"y ... ...y,
The following equivalences obtain:

o (T oy =1

i (by C2.1) W) @), 0 () € (")
1ff(bySl) M1y e ey Qo) €0/(77)
ff (by S2) (v(%),...,v(a),..., (vr)) € v(7")
ff (as v(a) =v(B)) (v(n),---,0(B), ..., v(y)) € v(n")
lff (by SLand $2)  (o/(11),....v'(8),....v/(3,)) € v'(x")

iff (by C2.1) op (T By )fl
As "y ...0... 7 is A(B), this contradicts vy (A(B)) =0. m
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Lemma 8 If M = (D,v) is a L-model for TL, M’ = (D,v') is a CL-model for
Ly, SMM', and 2 is an instance of a semantic base element, then A holds
true in M iff vp (TNRoI(21)) = 1.

Proof. Suppose that the antecedent is true. There are four cases.

Case 1: 2 has the form (v(aq),...,v(ay)) € v(n"), whence TNRoI(2) is
"y ... a,. The consequent of the lemma follows in view of S1, S2, and C2.1.

Case 2: 2 has the form v(a) = v(3), whence TNRoI(2() is TaS. The conse-
quent of the lemma follows in view of S1, S3 and C2.2.

Case 3: 2 has the form v(A) = {#} whence TNRoI(2) is P;L((:))g(A). The
consequent of the lemma follows in view of S1, S4, and C2.1.

Case 4: 2 has the form 0 = 0, whence TNRoI(2() is P° vV =P°. The conse-

quent of the lemma follows in view of C2.6 and C2.3. =

Lemma 9 If M = (D,v) is a L-model for YL, M' = (D,v') is a CL-model for
Ly, SMM', and 2 is a transparent semantic statement, then 21 holds true in
M iff vpr (TNRoI(A)) = 1.

Proof. The proof is identical to the proof of Lemma 4, apart from the following
two aspects: the reference to Lemma 3 should be changed into a reference to
Lemma 8 and every occurrence of TRol should be replaced by TNRol. =

Lemma 10 If tr is the translation function for L, M = (D,v) is a L-model for
L, M' = (D,v') a CL-model for Ly, and SMM’, then vy (tr(A)) = v (A).

Proof. Immediate in view of Definition 10, Lemma 9 and Lemma 8. =

Theorem 2 IfL has a nice semantics that follows the non-Rol schema and tr
is the translation function for L: T Fr, A iff tr(T') U A= EcL tr(A4).

Proof. For the first direction, suppose that there is a CL-model M" = (D" v")
for TLy such that M” I+ tr(I') U A= and M” ¥ tr(A). As M" |k A=, I is an
identity relation over +L'ﬁ in M"”. Hence, by Lemma 6, there is an equivalent
CL-model M’ = (CUO,v') for *L; and there is a L-model M for *£ such that
SMM'. In view of Lemma 10, M I T and M ¥ A.

For the second direction, suppose that there is a L-model M such that M |- T°
and M ¥ A. By Lemma 6, there is a CL-model M’ such that SMM’'. M’ I+ A=
in view of Lemma 7; M’ IF tr(T') and M’ I tr(A) in view of Lemma 10. m

Even if T" is a finite set, tr(I") U A= is an infinite set, which is inconvenient
from a computational point of view. Let Prygay be the set of members of P
that occur in I" or in A, let Pr(C U{A}) = {721 ...z, | 7" € Prygay}, and let
VWA be the universal closure of A (A preceded by a universal quantifier over
every variable free in A). Finally, let A?U{A} = {Valzz,YaVyVz(Izy D (Jzz =
Iyz))} U{W(Izy O (B(z) = B(y))) | B(z) € Pr(TU{A})}. Clearly AR, is
finite whenever T is so.

Theorem 3 tr(I') U AT Fcy, tr(A) iff tr(I') U AR, 4, For tr(A4).

Proof. As Af (a € A=, the right-left direction is obvious. For the left-right
direction, suppose that tr(T") UAF 4y Fou tr(A). It follows that there is a CL-
model M = (D,v) for TL; that verifies tr(I') U ATqay and falsifies tr(A). Let
M’ = (D,v') be exactly as M, except that v'(7") = 0 for all 7" € P — Pry(ay-
It follows that M’ verifies tr(I') U A= and falsifies tr(A). m
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7 In Conclusion

Our distinction in terms of the Rol schema is useful when one devises a nice
semantics for a given logic and moreover simplifies the proof in the previous
section. However, it is not difficult to unify the matter. First, modify two
clauses in the definition of the function TRol:
(viii)  TRol(v(a) = v(B)) = Iap
(ix) if A ¢ P=,
h(A
TRoI((v(g1(A)), - ., o(gnca) (A))) € v(F(4))) = Q44 g(4)
Extend Ly with predicates Q?Eﬁ; for A € W and replace, in the definition of

A=, Pby PU {Q?Eﬁgg(A) | A € W} Tt is easily seen that the embedding still
goes through for logics that follow the Rol schema. Moreover, the functions
TRol and TNRol do not conflict. So they may be replaced by a single function
that takes care of the embedding of both kinds of logics (and also of logics that
follow the Rol schema at some points and not at others).!? With these changes,
Theorem 1 becomes invalid but Theorem 2 holds for all logics that have a nice
semantics. Obviously the proofs should be adjusted.

When one comes across a new logic L, and devises a nice semantics for it—or
possibly finds L by devising a nice semantics—our result provides an embedding
of L in CL and constructively warrants that L is a semi-recursive logic.

An interesting open problem concerns the delineation of the set of logics that
have a nice semantics and the procedure to devise, where this is possible, a nice
semantics for a given logic.
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