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Introduction L. De Mol

Problems...
) What is the impact of the computer on mathematical
tables?

� The death of mathematical tables?
{ \[...] I cannot feel enthusiastic about embarking on a futur e programme

of tabulating functions of which individual values can be ob tained by
a digital computer in a few milliseconds" (Wilkes, quoted in Croarken,
2003)

{ \When the ENIAC was �nished, he [Dr. Lowan] was invited to wat ch it.
[He] came back and said, "We're �nished. They don't need us an ymore.
Do you know," he said, "what they do? They don't look up Tables .
They actually compute each value ab ovo." And to me that sound ed so
impossible, so incredible[...] To compute each value ab ovo . Not to have
to look up one of our marvelous Tables. That sounded like [the ] death
knell. We were [quite] unhappy about such a possibility." (I da Rhodes,
1973, member of the MathTable project)

{ \computers have been the death of the printed table-as-calc ulating-aid
but conversely computerized spreadsheets have given new an d vigorous
life to the still ubiquitous table-as-data-presentation f ormat." (Campbell-
Kelly et al, 2003)
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Introduction L. De Mol

Problems (continued)

� If no, what has changed?
{ the function?

{ construction method?

{ the distribution of tables?

{ method of representation?

{ inspection methods?
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D.H. Lehmer's view on mathematical tables in the
context of computer-assisted mathematics
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Lehmer's view on mathematical tables L. De Mol

D.H. Lehmer's view on mathematics

� \My father did many things to make me realize at an early age th at math-
ematics, and especially number theory, is an experimental s cience [...] We
should regard the digital computer system as an instrument t o assist the
exploratory mind of the number theorist in investigating th e global and
local properties of this universe, the natural numbers and t heir algebraic
expansions." (Lehmer, 1974)
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Lehmer's view on mathematical tables L. De Mol

\Why might a number theorist want to add pulse circuitry
to pencil and paper?" (Lehmer, 1969)

1. Searching for counterexamples

2. Organization of data to suggest ideas

3. Construction and inspection of tables. See Mathematical tables and other
aids to computation

\ The modern machine can produce tables with speed and reliabi lity many
orders of magnitude greater than what is humanly possible. N ot only is
the publication of such tables impossible; even the inspect ion is well beyond
human capability. It soon becomes apparent that it should be the machine's
responsibility to make this inspection, with, of course, a l ittle sound advise
of the programmer. "

4. Veri�cation of a large number of cases ) Lehmer's version of \true" theorem
proving
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Two early examples
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Two early examples L. De Mol

Example I: The �rst extensive number theoretical compu-
tation on the ENIAC

A special case of Fermat's little theorem

Theorem 1 If n is prime then n divides 2n � 2

) Lehmer's goal: to compute the exceptions to the converse of t he special case
of Fermat's little theorem (pseudo-primes)
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Two early examples L. De Mol

How was ENIAC used to compute composite numbers?

� The ENIAC was used to determine a list of exponents e of 2 mod p, i.e., the
least value of n such that 2 n � 1 mod p.

� These exponents can be used to determine composite numbers o f the form
2pq � 2 through the theorem:

Theorem 2 If p and q are odd distinct primes, then 2pq � 2 is divisible by
pq if and only if p - 1 is divisible by the exponent to which 2 bel ongs modulo
q and q - 1 is divisible by the exponent to which 2 belongs modul o p

� See (Lehmer, 1949) and (De Mol and Bullynck, 2008) for more de tails.
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Two early examples L. De Mol

How was ENIAC used to compute composite numbers (con-
tinued)?

� \the ENIAC was instructed to take an \idiot" approach"" (Leh mer, 1974)
\In the ENIAC method we try as possible values of e not the half dozen or
so suitable divisors of p � 1, but simply the natural numbers 1 ; 2; 3; :::; 2000.
(Lehmer, 1949)"

� Computation of primes p through the implementation of a prime sieve.

� Computation of composite numbers on the basis of exponents s till done by
hand!
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Two early examples L. De Mol

Figure 1: Part of the table of composite solutions n of Fermat's congruence
2n � 2 mod n and their smallest prime factor p.
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Example II: The function tables of ENIAC

Figure 2: Programmers wiring the ENIAC and its function tables.
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Two early examples L. De Mol

Example III: The function tables of ENIAC

� Used to store permanent values (ROM)

� Internalization of tables and their inspection (+ interpol ation)

� Later used in rewiring of the ENIAC: each table entry contain s pointer to
proper \instruction" ) the table form as a multi-functional object.

ICHST, History of Numerical Tables, Budapest 16



Two early examples L. De Mol

Problems and advantages

� Di�culty of �nding a way to translate computations to an elec tronic com-
puter: the rise of programming as a science. Development of n ew computa-
tional methods.

� Error-free? Human (programming) and machine (hardware) er rors.

� Gain in speed and possibility of too much information to be hu manly man-
ageable: \[...] let me point out that we will probably not wan t to produce
vast amounts of numerical material with computing machines , for example,
enormous tables of functions. The reason for using fast comp uting machines
is not that you want to produce a lot of information. After all , the mere
fact that you want some information means that you somehow im agine that
you can absorb it, and, therefore, wherever there may be bott lenecks in
the automatic arrangement which produces and processes thi s information,
there is a worse bottleneck at the human intellect into which the information
ultimately seeps." (Von Neumann, 1966)

� Automation of construction and inspection of tables?

) Did the computer bring about the death of mathematical tables?
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Some classes of recent examples

1. Computer-internalized look-up tables

2. Tables as experimental tools

3. Tables as databases
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Example I: Computer-internalized look-up tables

ICHST, History of Numerical Tables, Budapest 19



Some classes of recent examples L. De Mol

Example I: Computer-internalized look-up tables

� Hash tables and other data structures { lists, multi-dimens ional arrays,...
(as input { possibly text �les { or constructed during the com putational
process and then thrown away or transformed as proper output )

� Scheme: (("1111" 187) ("1110" 512) ("1101" 743)... ("0001" 132) ("0000"
541))

� Multifunctionality: to compute (sines), to transform (col or look-up tables),
to explore (Markov analysis), to store (databases),...

� Memory size + look-up time vs. computation time. Problem of ` optimal'
datastructure.

� Multirepresentation and multidimensionality (pragmatic ). Can be made
suitable to humans!

� Internalized construction and inspection!

ICHST, History of Numerical Tables, Budapest 20
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Example II: Tables as experimental tools

ICHST, History of Numerical Tables, Budapest 21
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Example II: Tables as experimental tools
Research on cellular automata (Wolfram, 1986 { )
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Some classes of recent examples L. De Mol

Example II: Tables as an experimental tool (internal and
external)
Research on Busy Beavers (computer-assisted proofs)

� One element from a table of 6-state TM's (Marxen, 2001)
Name = a
ones = 17485734
steps = 95547257425490
ones> 1:7 � 107

steps> 9:5 � 1013

Table 1: A 6-state Turing machine

q1 q2 q3 q4 q5 q6

0 1Rq2 1Lq1 0Lq4 1Rq5 0Lq6 1Rq6

1 0Lq3 0Rq1 1RH 1Lq4 0Lq5 0Lq2
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Example II: Tables as an experimental tool (internal and
external)
Research on Busy Beavers (computer-assisted proofs) (Mach-
lin and Stout, 1990)

� Classi�cation of patterns of behaviour (internal and external)

ICHST, History of Numerical Tables, Budapest 24
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Example II: Tables as an experimental tool (internal and
external)
Research on tag systems (De Mol, 2006)

Table 2: Instruction table universal tag system.

42010 ! 4601058010 42011 ! 46011580114701158011

42020 ! 46020580204702058020 42021 ! 48021

42030 ! 48030 42031 ! 48031

42040 ! 48040 42041 ! 48041

42050 ! 46050580504705058050 42051 ! 48051

42060 ! 48060 42061 ! 48061

42070 ! 48070 42071 ! 48071

42080 ! 48080 42081 ! 46081580814708158081

42090 ! 4609058090 42091 ! 48091

42100 ! 48100 42101 ! 4610158101

42110 ! 48110 42111 ! �

42120 ! 4612058120 42121 ! 48121

42130 ! 4613058130 42131 ! 46131581314713158131

Continued on next pageICHST, History of Numerical Tables, Budapest 25
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Table 2 { continued from previous page

42140 ! 48140 42141 ! 48141

42150 ! 4615058150 42151 ! 46151581514715158151

42160 ! 4616058160 42161 ! 46161581614716158161

42170 ! 4617058170 42171 ! 46171581714717158171

42180 ! 4618058180 42181 ! 46181581814718158181

42190 ! 48190 42191 ! 46191581914719158191

42200 ! 46200582004720058200 42201 ! 4620158201

42210 ! 4621058210 42211 ! 46211582114721158211

42220 ! 48220 42221 ! 46221582214722158221

42230 ! 46230582304723058230 42231 ! 4623158231

42240 ! 4624058240 42241 ! 48241

43010 ! 47010580104701058010 43011 ! 47011580114701158011

43020 ! 47020580204702058020 43021 ! 49021

43030 ! 49030 43031 ! 49031

43040 ! 49040 43041 ! 49041

Continued on next page
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Table 2 { continued from previous page

43050 ! 47050580504705058050 43051 ! 49051

43060 ! 49060 43061 ! 49061

43070 ! 49070 43071 ! 49071

43080 ! 49080 43081 ! 47081580814708158081

43090 ! 47090580904709058090 43091 ! 49091

43100 ! 49100 43101 ! 47101581014710158101

43110 ! 49110 43111 ! �

43120 ! 47120581204712058120 43121 ! 49121

43130 ! 47130581304713058130 43131 ! 47131581314713158131

43140 ! 49140 43141 ! 49141

43150 ! 47150581504715058150 43151 ! 47151581514715158151

43160 ! 47160581604716058160 43161 ! 47161581614716158161

43170 ! 47170581704717058170 43171 ! 47171581714717158171

43180 ! 47180581804718058180 43181 ! 47181581814718158181

43190 ! 49190 43191 ! 47191581914719158191

Continued on next page



Some classes of recent examples L. De Mol

Table 2 { continued from previous page

43200 ! 47200582004720058200 43201 ! 47201582014720158201

43210 ! 47210582104721058210 43211 ! 47211582114721158211

43220 ! 49220 43221 ! 47221582214722158221

43230 ! 47230582304723058230 43231 ! 47231582314723158231

43240 ! 47240582404724058240 43241 ! 49241

44010 ! 48010 44011 ! 48011

44020 ! 48020 44021 ! 46021580214702158021

44030 ! 4603058030 44031 ! 4603158031

44040 ! 46040580404704058040 44041 ! 4604158041

44050 ! 48050 44051 ! 4605158051

44060 ! 4606058060 44061 ! 46061580614706158061

44070 ! 4607058070 44071 ! 4607158071

44080 ! 4608058080 44081 ! 48081

44090 ! 48090 44091 ! 46091580914709158091

44100 ! 46100581004710058100 44101 ! 48101

Continued on next page
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Table 2 { continued from previous page

44110 ! 4611058110 44111 ! �

44120 ! 48120 44121 ! 46121581214712158121

44130 ! 48130 44131 ! 48131

44140 ! 4614058140 44141 ! 46141581414714158141

44150 ! 48150 44151 ! 48151

44160 ! 48160 44161 ! 48161

44170 ! 48170 44171 ! 48171

44180 ! 48180 44181 ! 48181

44190 ! 46190581904719058190 44191 ! 48191

44200 ! 48200 44201 ! 48201

44210 ! 48210 44211 ! 48211

44220 ! 46220582204722058220 44221 ! 48221

44230 ! 48230 44231 ! 48231

44240 ! 48240 44241 ! 4624158241

45010 ! 49010 45011 ! 49011

Continued on next page
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Table 2 { continued from previous page

45020 ! 49020 45021 ! 47021580214702158021

45030 ! 47030580304703058030 45031 ! 47031580314703158031

45040 ! 47040580404704058040 45041 ! 47041580414704158041

45050 ! 49050 45051 ! 47051580514705158051

45060 ! 47060580604706058060 45061 ! 47061580614706158061

45070 ! 47070580704707058070 45071 ! 47071580714707158071

45080 ! 47080580804708058080 45081 ! 49081

45090 ! 49090 45091 ! 47091580914709158091

45100 ! 47100581004710058100 45101 ! 49101

45110 ! 47110581104711058110 45111 ! �

45120 ! 49120 45121 ! 47121581214712158121

45130 ! 49130 45131 ! 49131

45140 ! 47140581404714058140 45141 ! 47141581414714158141

45150 ! 49150 45151 ! 49151

45160 ! 49160 45161 ! 49161

Continued on next page
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Table 2 { continued from previous page

45170 ! 49170 45171 ! 49171

45180 ! 49180 45181 ! 49181

45190 ! 47190581904719058190 45191 ! 49191

45200 ! 49200 45201 ! 49201

45210 ! 49210 45211 ! 49211

45220 ! 47220582204722058220 45221 ! 49221

45230 ! 49230 45231 ! 49231

45240 ! 49240 45241 ! 47241582414724158241

46010 ! 5101050010 46011 ! 5101150011

46020 ! 5102050020 46021 ! 5502154021

46030 ! 5503054030 46031 ! 5503154031

46040 ! 5504054040 46041 ! 5504154041

46050 ! 5105050050 46051 ! 5505154051

46060 ! 5506054060 46061 ! 5506154061

46070 ! 5507054070 46071 ! 5507154071

Continued on next page
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Table 2 { continued from previous page

46080 ! 5508054080 46081 ! 5108150081

46090 ! 5109050090 46091 ! 5509154091

46100 ! 5510054100 46101 ! 5110150101

46110 ! 5511054110 46111 ! �

46120 ! 5112050120 46121 ! 5512154121

46130 ! 5113050130 46131 ! 5113150131

46140 ! 5514054140 46141 ! 5514154141

46150 ! 5115050150 46151 ! 5115150151

46160 ! 5116050160 46161 ! 5116150161

46170 ! 5117050170 46171 ! 5117150171

46180 ! 5118050180 46181 ! 5118150181

46190 ! 5519054190 46191 ! 5119150191

46200 ! 5120050200 46201 ! 5120150201

46210 ! 5121050210 46211 ! 5121150211

46220 ! 5522054220 46221 ! 5122150221

Continued on next page
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Table 2 { continued from previous page

46230 ! 5123050230 46231 ! 5123150231

46240 ! 5124050240 46241 ! 5524154241

47010 ! 5301052010 47011 ! 5301152011

47020 ! 5302052020 47021 ! 5702156021

47030 ! 5703056030 47031 ! 5703156031

47040 ! 5704056040 47041 ! 5704156041

47050 ! 5305052050 47051 ! 5705156051

47060 ! 5706056060 47061 ! 5706156061

47070 ! 5707056070 47071 ! 5707156071

47080 ! 5708056080 47081 ! 5308152081

47090 ! 5309052090 47091 ! 5709156091

47100 ! 5710056100 47101 ! 5310152101

47110 ! 5711056110 47111 ! �

47120 ! 5312052120 47121 ! 5712156121

47130 ! 5313052130 47131 ! 5313152131
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Table 2 { continued from previous page

47140 ! 5714056140 47141 ! 5714156141

47150 ! 5315052150 47151 ! 5315152151

47160 ! 5316052160 47161 ! 5316152161

47170 ! 5317052170 47171 ! 5317152171

47180 ! 5318052180 47181 ! 5318152181

47190 ! 5719056190 47191 ! 5319152191

47200 ! 5320052200 47201 ! 5320152201

47210 ! 5321052210 47211 ! 5321152211

47220 ! 5722056220 47221 ! 5322152221

47230 ! 5323052230 47231 ! 5323152231

47240 ! 5324052240 47241 ! 5724156241

48010 ! 5501054010 48011 ! 5501154011

48020 ! 5502054020 48021 ! 5102150021

48030 ! 5103050030 48031 ! 5103150031

48040 ! 5104050040 48041 ! 5104150041

Continued on next page



Some classes of recent examples L. De Mol

Table 2 { continued from previous page

48050 ! 5505054050 48051 ! 5105150051

48060 ! 5106050060 48061 ! 5106150061

48070 ! 5107050070 48071 ! 5107150071

48080 ! 5108050080 48081 ! 5508154081

48090 ! 5509054090 48091 ! 5109150091

48100 ! 5110050100 48101 ! 5510154101

48110 ! 5111050110 48111 ! �

48120 ! 5512054120 48121 ! 5112150121

48130 ! 5513054130 48131 ! 5513154131

48140 ! 5114050140 48141 ! 5114150141

48150 ! 5515054150 48151 ! 5515154151

48160 ! 5516054160 48161 ! 5516154161

48170 ! 5517054170 48171 ! 5517154171

48180 ! 5518054180 48181 ! 5518154181

48190 ! 5119050190 48191 ! 5519154191

Continued on next page
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Table 2 { continued from previous page

48200 ! 5520054200 48201 ! 5520154201

48210 ! 5521054210 48211 ! 5521154211

48220 ! 5122050220 48221 ! 5522154221

48230 ! 5523054230 48231 ! 5523154231

48240 ! 5524054240 48241 ! 5124150241

49010 ! 5701056010 49011 ! 5701156011

49020 ! 5702056020 49021 ! 5302152021

49030 ! 5303052030 49031 ! 5303152031

49040 ! 5304052040 49041 ! 5304152041

49050 ! 5705056050 49051 ! 5305152051

49060 ! 5306052060 49061 ! 5306152061

49070 ! 5307052070 49071 ! 5307152071

49080 ! 5308052080 49081 ! 5708156081

49090 ! 5709056090 49091 ! 5309152091

49100 ! 5310052100 49101 ! 5710156101

Continued on next page
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Table 2 { continued from previous page

49110 ! 5311052110 49111 ! �

49120 ! 5712056120 49121 ! 5312152121

49130 ! 5713056130 49131 ! 5713156131

49140 ! 5314052140 49141 ! 5314152141

49150 ! 5715056150 49151 ! 5715156151

49160 ! 5716056160 49161 ! 5716156161

49170 ! 5717056170 49171 ! 5717156171

49180 ! 5718056180 49181 ! 5718156181

49190 ! 5319052190 49191 ! 5719156191

49200 ! 5720056200 49201 ! 5720156201

49210 ! 5721056210 49211 ! 5721156211

49220 ! 5322052220 49221 ! 5722156221

49230 ! 5723056230 49231 ! 5723156231

49240 ! 5724056240 49241 ! 5324152241

50010 ! 580104205058050 50011 ! 580114202058020

Continued on next page
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Table 2 { continued from previous page

50020 ! 580204201058010 50021 ! 580214203058030

50030 ! 580304204058040 50031 ! 580314202058020

50040 ! 580404212058120 50041 ! 580414209058090

50050 ! 580504201058010 50051 ! 580514206058060

50060 ! 580604207058070 50061 ! 580614207058070

50070 ! 580704208058080 50071 ! 580714206058060

50080 ! 580804207058070 50081 ! 580814202058020

50090 ! 580904219058190 50091 ! 580914204058040

50100 ! 581004204058040 50101 ! 581014213058130

50110 ! 581104204058040 50111 ! �

50120 ! 581204219058190 50121 ! 581214214058140

50130 ! 581304210058100 50131 ! 581314224058240

50140 ! 581404215058150 50141 ! 581414211058110

50150 ! 581504216058160 50151 ! 581514217058170

50160 ! 581604215058150 50161 ! 581614210058100

Continued on next page
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Table 2 { continued from previous page

50170 ! 581704216058160 50171 ! 581714221058210

50180 ! 581804219058190 50181 ! 581814220058200

50190 ! 581904203058030 50191 ! 581914218058180

50200 ! 582004218058180 50201 ! 582014218058180

50210 ! 582104222058220 50211 ! 582114223058230

50220 ! 582204210058100 50221 ! 582214221058210

50230 ! 582304221058210 50231 ! 582314221058210

50240 ! 582404213058130 50241 ! 582414203058030

51010 ! 4205158051 51011 ! 4202158021

51020 ! 4201158011 51021 ! 4203158031

51030 ! 4204158041 51031 ! 4202158021

51040 ! 4212158121 51041 ! 4209158091

51050 ! 4201158011 51051 ! 4206158061

51060 ! 4207158071 51061 ! 4207158071

51070 ! 4208158081 51071 ! 4206158061

Continued on next page
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Table 2 { continued from previous page

51080 ! 4207158071 51081 ! 4202158021

51090 ! 4219158191 51091 ! 4204158041

51100 ! 4204158041 51101 ! 4213158131

51110 ! 4204158041 51111 ! �

51120 ! 4219158191 51121 ! 4214158141

51130 ! 4210158101 51131 ! 4224158241

51140 ! 4215158151 51141 ! 4211158111

51150 ! 4216158161 51151 ! 4217158171

51160 ! 4215158151 51161 ! 4210158101

51170 ! 4216158161 51171 ! 4221158211

51180 ! 4219158191 51181 ! 4220158201

51190 ! 4203158031 51191 ! 4218158181

51200 ! 4218158181 51201 ! 4218158181

51210 ! 4222158221 51211 ! 4223158231

51220 ! 4210158101 51221 ! 4221158211

Continued on next page
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Table 2 { continued from previous page

51230 ! 4221158211 51231 ! 4221158211

51240 ! 4213158131 51241 ! 4203158031

52010 ! 4305058050 52011 ! 4302058020

52020 ! 4301058010 52021 ! 4303058030

52030 ! 4304058040 52031 ! 4302058020

52040 ! 4312058120 52041 ! 4309058090

52050 ! 4301058010 52051 ! 4306058060

52060 ! 4307058070 52061 ! 4307058070

52070 ! 4308058080 52071 ! 4306058060

52080 ! 4307058070 52081 ! 4302058020

52090 ! 4319058190 52091 ! 4304058040

52100 ! 4304058040 52101 ! 4313058130

52110 ! 4304058040 52111 ! �

52120 ! 4319058190 52121 ! 4314058140

52130 ! 4310058100 52131 ! 4324058240

Continued on next page
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Table 2 { continued from previous page

52140 ! 4315058150 52141 ! 4311058110

52150 ! 4316058160 52151 ! 4317058170

52160 ! 4315058150 52161 ! 4310058100

52170 ! 4316058160 52171 ! 4321058210

52180 ! 4319058190 52181 ! 4320058200

52190 ! 4303058030 52191 ! 4318058180

52200 ! 4318058180 52201 ! 4318058180

52210 ! 4322058220 52211 ! 4323058230

52220 ! 4310058100 52221 ! 4321058210

52230 ! 4321058210 52231 ! 4321058210

52240 ! 4313058130 52241 ! 4303058030

53010 ! 4305158051 53011 ! 4302158021

53020 ! 4301158011 53021 ! 4303158031

53030 ! 4304158041 53031 ! 4302158021

53040 ! 4312158121 53041 ! 4309158091

Continued on next page
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Table 2 { continued from previous page

53050 ! 4301158011 53051 ! 4306158061

53060 ! 4307158071 53061 ! 4307158071

53070 ! 4308158081 53071 ! 4306158061

53080 ! 4307158071 53081 ! 4302158021

53090 ! 4319158191 53091 ! 4304158041

53100 ! 4304158041 53101 ! 4313158131

53110 ! 4304158041 53111 ! �

53120 ! 4319158191 53121 ! 4314158141

53130 ! 4310158101 53131 ! 4324158241

53140 ! 4315158151 53141 ! 4311158111

53150 ! 4316158161 53151 ! 4317158171

53160 ! 4315158151 53161 ! 4310158101

53170 ! 4316158161 53171 ! 4321158211

53180 ! 4319158191 53181 ! 4320158201

53190 ! 4303158031 53191 ! 4318158181

Continued on next page
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Table 2 { continued from previous page

53200 ! 4318158181 53201 ! 4318158181

53210 ! 4322158221 53211 ! 4323158231

53220 ! 4310158101 53221 ! 4321158211

53230 ! 4321158211 53231 ! 4321158211

53240 ! 4313158131 53241 ! 4303158031

54010 ! 4405058050 54011 ! 4402058020

54020 ! 4401058010 54021 ! 4403058030

54030 ! 4404058040 54031 ! 4402058020

54040 ! 4412058120 54041 ! 4409058090

54050 ! 4401058010 54051 ! 4406058060

54060 ! 4407058070 54061 ! 4407058070

54070 ! 4408058080 54071 ! 4406058060

54080 ! 4407058070 54081 ! 4402058020

54090 ! 4419058190 54091 ! 4404058040

54100 ! 4404058040 54101 ! 4413058130

Continued on next page
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54110 ! 4404058040 54111 ! �

54120 ! 4419058190 54121 ! 4414058140

54130 ! 4410058100 54131 ! 4424058240

54140 ! 4415058150 54141 ! 4411058110

54150 ! 4416058160 54151 ! 4417058170

54160 ! 4415058150 54161 ! 4410058100

54170 ! 4416058160 54171 ! 4421058210

54180 ! 4419058190 54181 ! 4420058200

54190 ! 4403058030 54191 ! 4418058180

54200 ! 4418058180 54201 ! 4418058180

54210 ! 4422058220 54211 ! 4423058230

54220 ! 4410058100 54221 ! 4421058210

54230 ! 4421058210 54231 ! 4421058210

54240 ! 4413058130 54241 ! 4403058030

55010 ! 4405158051 55011 ! 4402158021

Continued on next page
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55020 ! 4401158011 55021 ! 4403158031

55030 ! 4404158041 55031 ! 4402158021

55040 ! 4412158121 55041 ! 4409158091

55050 ! 4401158011 55051 ! 4406158061

55060 ! 4407158071 55061 ! 4407158071

55070 ! 4408158081 55071 ! 4406158061

55080 ! 4407158071 55081 ! 4402158021

55090 ! 4419158191 55091 ! 4404158041

55100 ! 4404158041 55101 ! 4413158131

55110 ! 4404158041 55111 ! �

55120 ! 4419158191 55121 ! 4414158141

55130 ! 4410158101 55131 ! 4424158241

55140 ! 4415158151 55141 ! 4411158111

55150 ! 4416158161 55151 ! 4417158171

55160 ! 4415158151 55161 ! 4410158101

Continued on next page
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55170 ! 4416158161 55171 ! 4421158211

55180 ! 4419158191 55181 ! 4420158201

55190 ! 4403158031 55191 ! 4418158181

55200 ! 4418158181 55201 ! 4418158181

55210 ! 4422158221 55211 ! 4423158231

55220 ! 4410158101 55221 ! 4421158211

55230 ! 4421158211 55231 ! 4421158211

55240 ! 4413158131 55241 ! 4403158031

56010 ! 4505058050 56011 ! 4502058020

56020 ! 4501058010 56021 ! 4503058030

56030 ! 4504058040 56031 ! 4502058020

56040 ! 4512058120 56041 ! 4509058090

56050 ! 4501058010 56051 ! 4506058060

56060 ! 4507058070 56061 ! 4507058070

56070 ! 4508058080 56071 ! 4506058060

Continued on next page
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56080 ! 4507058070 56081 ! 4502058020

56090 ! 4519058190 56091 ! 4504058040

56100 ! 4504058040 56101 ! 4513058130

56110 ! 4504058040 56111 ! �

56120 ! 4519058190 56121 ! 4514058140

56130 ! 4510058100 56131 ! 4524058240

56140 ! 4515058150 56141 ! 4511058110

56150 ! 4516058160 56151 ! 4517058170

56160 ! 4515058150 56161 ! 4510058100

56170 ! 4516058160 56171 ! 4521058210

56180 ! 4519058190 56181 ! 4520058200

56190 ! 4503058030 56191 ! 4518058180

56200 ! 4518058180 56201 ! 4518058180

56210 ! 4522058220 56211 ! 4523058230

56220 ! 4510058100 56221 ! 4521058210

Continued on next page
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56230 ! 4521058210 56231 ! 4521058210

56240 ! 4513058130 56241 ! 4503058030

57010 ! 4505158051 57011 ! 4502158021

57020 ! 4501158011 57021 ! 4503158031

57030 ! 4504158041 57031 ! 4502158021

57040 ! 4512158121 57041 ! 4509158091

57050 ! 4501158011 57051 ! 4506158061

57060 ! 4507158071 57061 ! 4507158071

57070 ! 4508158081 57071 ! 4506158061

57080 ! 4507158071 57081 ! 4502158021

57090 ! 4519158191 57091 ! 4504158041

57100 ! 4504158041 57101 ! 4513158131

57110 ! 4504158041 57111 ! �

57120 ! 4519158191 57121 ! 4514158141

57130 ! 4510158101 57131 ! 4524158241

Continued on next page
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57140 ! 4515158151 57141 ! 4511158111

57150 ! 4516158161 57151 ! 4517158171

57160 ! 4515158151 57161 ! 4510158101

57170 ! 4516158161 57171 ! 4521158211

57180 ! 4519158191 57181 ! 4520158201

57190 ! 4503158031 57191 ! 4518158181

57200 ! 4518158181 57201 ! 4518158181

57210 ! 4522158221 57211 ! 4523158231

57220 ! 4510158101 57221 ! 4521158211

57230 ! 4521158211 57231 ! 4521158211

57240 ! 4513158131 57241 ! 4503158031
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Table 3: Overview of the results from an experiment on the per iodic nature of
tag systems.

T.S. %D.P. Tot. Periods and # rel. to Tot. periods

T1 1,772 790 6 (84.2), 10 (9.37), 28 (1.39), 36 (1.27), 34 (0.89), 22 (0.76),
46 (0.38), 16 (0.38), 40 (0.38), 20 (0.38), 32 (0.25), 54 (0.13),
14 (0.13), 70 (0.13)

T2 0,448 891 168 (65.1), 2 (23.8), 5386 (8.53), 6704 (1.68)

T3 1,679 893 202 (39.5), 124 (29.1), 8 (12.2), 752 (4.7), 32 (4.37), 40
(3.14), 192 (3.14), 48 (2.13), 4 (0.34), 178 (0.34), 64 (0.22),
56 (0.22), 758 (0.22), 316 (0.22), 1686 (0.11)

T4 2,483 926 48 (48.2), 24 (14.3), 32 (7.34), 8 (6.57), 44 (5.18), 56 (5.18),
52 (2.27), 412 (1.84), 528 (1.84), 64 (1.73), 60 (1.51), 68
(1.19), 2454 (0.65), 1634 (0.54), 1224 (0.54), 286 (0.43),
72 (0.43), 84 (0.32), 80 (0.22), 76 (0.22), 88 (0.11), 12498
(0.11), 40 (0.11)
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T.S. %D.P. Tot. Periods and # rel. to Tot. periods

T5 2,851 982 4 (32.8), 16 (11.9), 34 (10.1), 18 (9.67), 20 (8.35), 26 (5.91),
22 (4.48), 14 (2.85), 30 (2.75), 38 (2.14), 24 (1.93), 28 (1.12),
32 (0.71), 864 (0.71), 10 (0.61), 36 (0.61), 40 (0.51), 50
(0.41), 46 (0.31), 42 (0.31), 52 (0.2), 60 (0.1), 56 (0.1), 74
(0.1), 84 (0.1), 44 (0.1), 48 (0.1), 8 (0.1)

T6 22,22 9 6 (88.9), 138 (11.1)

T7 0,606 989 72 (43.9), 2090 (36.1), 600 (16.2), 2 (1.92), 4440 (1.82), 362
(0.1)

T8 3,099 968 6 (27.1), 18 (19.3), 48 (13.5), 54 (5.58), 24 (3.82), 30 (3.41),
90 (2.76), 60 (2.69), 12 (2.58), 66 (2.38), 78 (2.17), 36 (2.1),
45 (2.1), 84 (1.76), 42 (1.34), 72 (1.14), 33 (1.14), 96 (0.72),
39 (0.62), 276 (0.62), 27 (0.41), 21 (0.41), 9 (0.31), 120
(0.31), 126 (0.1), 57 (0.1), 13446 (0.1), 3 (0.1), 108 (0.1),
102 (0.1)

T9 1,356 958 14 (55.1), 692 (18.7), 28 (5.74), 24 (4.91), 20 (4.28), 12
(3.44), 8 (2.4), 16 (1.88), 36 (1.77), 730 (0.84), 2134 (0.52),
40 (0.31), 32 (0.21)

T10 0,513 973 268 (61.8), 20 (25.3), 46 (10.4), 572 (2.47), 376 (0.1)
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Table 3 { continued from previous page

T.S. %D.P. Tot. Periods and # rel. to Tot. periods

T11 2,628 951 4 (36.8), 10 (33.4), 18 (3.79), 12654 (3.58), 22 (3.15), 6
(2.73), 14 (2.63), 40 (1.79), 16 (1.58), 20 (1.37), 32 (1.26), 12
(1.26), 24 (0.95), 34 (0.84), 38 (0.74), 30 (0.74), 42 (0.63), 26
(0.63), 222 (0.53), 28 (0.53), 50 (0.42), 48 (0.21), 44 (0.21),
58 (0.11), 46 (0.11)

T12 9,090 11 6 (100)

T13 0,305 981 2 (97.5), 3784 (1.83), 78110 (0.71)

T14 2,421 950 48 (52.8), 2 (21.3), 84 (8.21), 850 (3.58), 100 (3.16), 68
(2.95), 40 (2.11), 24 (1.16), 132 (1.16), 640 (0.53), 164
(0.42), 180 (0.42), 116 (0.42), 148 (0.42), 16 (0.32), 72
(0.21), 298 (0.21), 80 (0.11), 88 (0.11), 52 (0.11), 212 (0.11),
292 (0.11), 56 (0.11)
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T.S. %D.P. Tot. Periods and # rel. to Tot. periods

T15 4,102 975 48 (20.2), 588 (13.6), 16 (12.2), 60 (10.9), 14 (10.1), 44
(6.56), 56 (4.92), 72 (4.82), 36 (2.56), 32 (2.51), 24 (1.54), 84
(0.92), 64 (0.92), 96 (0.82), 1302 (0.82), 68 (0.72), 88 (0.72),
40 (0.51), 116 (0.41), 92 (0.41), 108 (0.41), 104 (0.41), 52
(0.31), 120 (0.21), 112 (0.21), 188 (0.21), 100 (0.21), 424
(0.21), 128 (0.1), 124 (0.1), 144 (0.1), 184 (0.1), 76 (0.1),
28 (0.1), 136 (0.1), 160 (0.1), 164 (0.1), 132 (0.1), 80 (0.1),
172 (0.1)

T16 0,817 978 10 (81.3), 52 (7.36), 80 (5.83), 62 (3.78), 224 (0.82), 986
(0.51), 66 (0.31), 424 (0.1)

T17 1,021 979 196 (94.3), 2102 (2.42), 2 (2.15), 72 (0.61), 3706 (0.31), 68
(0.2), 1140 (0.1), 80 (0.1), 454 (0.1), 1778 (0.1)

T18 0,514 972 18177 (52.3), 3 (45.4), 282 (1.95), 15 (0.21), 325953 (0.21)

T19 2,254 976 48 (44.8), 54 (14.7), 42 (12.8), 84 (5.33), 36 (5.12), 72 (2.66),
96 (2.15), 90 (1.95), 60 (1.84), 894 (1.74), 6 (1.74), 66 (1.64),
78 (0.92), 108 (0.72), 120 (0.61), 102 (0.41), 114 (0.31), 63
(0.2), 156 (0.1), 132 (0.1), 144 (0.1), 12 (0.1)
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T.S. %D.P. Tot. Periods and # rel. to Tot. periods

T20 0,840 833 252 (58.6), 206 (24.2), 848 (12.2), 226 (3.6), 728 (0.48),
18480 (0.48), 48606 (0.36)

T21 1,536 976 38 (505), 17782 (19.7), 46 (10.4), 680 (6.15), 1624 (5.23), 54
(4.1), 42 (1.95), 58 (1.24), 62 (0.61), 50 (0.41), 1982 (0.31),
78654 (0.2), 66 (0.1), 78 (0.1), 96 (0.1)

T22 2,347 639 28 (70.6), 3284 (9.23), 188 (5.79), 8556 (5.16), 22 (2.66), 40
(2.5), 72 (1.1), 84 (0.78), 56 (0.63), 48 (0.47), 36 (0.31), 60
(0.31), 44 (0.16), 68 (0.16), 124 (0.16)

T23 2,296 958 1485 (21.2), 12009 (12.5), 48 (11.7), 60 (11.3), 30 (8.14), 3
(8.14), 66 (4.49), 72 (4.28), 54 (4.18), 90 (3.13), 42 (2.61), 24
(2.51), 78 (1.88), 36 (0.94), 84 (0.84), 96 (0.73), 108 (0.52),
102 (0.42), 126 (0.21), 120 (0.1), 132 (0.1), 114 (0.1)

T24 0,818 977 80 (47.1), 68 (33.2), 38 (11.8), 4 (4.2), 8 (1.94), 14 (1.33),
48 (0.31), 72 (0.2)

T25 1,013 987 3308 (34.2), 10452 (30.5), 118 (29.1), 358 (3.34), 14290
(0.51), 16 (0.51), 410 (0.41), 20290 (0.2), 120 (0.2), 664
(0.1)
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T.S. %D.P. Tot. Periods and # rel. to Tot. periods

T26 0,727 962 504 (71.8), 1954 (23.5), 4474 (3.14), 244 (0.94), 32 (0.42),
2186 (0.21), 1468 (0.1)

T27 0,305 983 2 (99.4), 878 (0.51), 576 (0.1)

T28 0,913 985 10 (80.3), 80 (6.9), 52 (6.5), 62 (3.96), 224 (0.91), 197264
(0.71), 66 (0.3), 986 (0.3), 4116 (0.1)

T29 0,420 952 2 (80.6), 68 (18.8), 798 (0.42), 366 (0.21)

T30 0,921 977 212 (37.3), 2308 (28.4), 616 (27.6), 9370 (3.48), 480 (1.94),
33218 (0.92), 18 (0.41), 164 (0.2), 4216 (0.1)

T31 0,518 965 6 (99.4), 1124 (0.21), 70 (0.21), 30 (0.1), 778 (0.1)

T32 1,884 849 108 (65.5), 140 (7.3), 72 (5.18), 96 (4.83), 40 (3.65), 442
(3.42), 1252 (2.83), 124 (2.24), 92 (1.65), 48 (1.6), 282 (1.6),
49318 (0.71), 156 (0.24), 110 (0.12), 64 (0.12), 148 (0.12)

T33 0,622 964 262 (38.6), 72 (29.7), 2312 (14.2), 274 (11.5), 182 (3.84), 16
(2.18)

T34 0,657 912 3 (52.7), 462321 (26.5), 22302 (17.3), 522 (3.18), 636 (0.11),
465 (0.11)
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T.S. %D.P. Tot. Periods and # rel. to Tot. periods

T35 1,362 954 7 (53.6), 42 (17.5), 28 (10.7), 56 (6.18), 63 (3.46), 126 (2.73),
70 (1.99), 84 (1.47), 2002 (0.73), 784 (0.73), 2709 (0.42),
11760 (0.31), 112 (0.21)

T36 3,731 938 32 (20.1), 28 (19.2), 40 (10.7), 3748 (9.28), 76 (7.46), 48
(6.86), 88 (3.91), 36 (3.73), 6 (3.3), 56 (1.92), 622 (1.76), 52
(1.6), 72 (1.6), 60 (1.49), 92 (1.39), 68 (1.17), 172 (1.17),
64 (0.85), 104 (0.85), 108 (0.64), 80 (0.53), 140 (0.43), 96
(0.43), 120 (0.32), 124 (0.32), 156 (0.21), 6656 (0.21), 224
(0.11), 192 (0.11), 84 (0.11), 112 (0.11), 152 (0.11), 236
(0.11), 128 (0.11), 44 (0.11)

T37 4,161 817 92 (16.9), 2990 (16.5), 84 (14.2), 6 (9.18), 50 (7.1), 42 (5.1),
100 (4.28), 62 (4.28), 108 (3.55), 66 (2.94), 58 (2.2), 70
(1.96), 34 (1.96), 48 (1.35), 94 (1.22), 54 (0.98), 78 (0.73),
74 (0.73), 90 (0.61), 86 (0.49), 4406 (0.49), 46 (0.37), 102
(0.37), 226 (0.24), 106 (0.24), 134 (0.12), 1954 (0.12), 15560
(0.12), 156 (0.12), 110 (0.12), 98 (0.12), 132 (0.12), 1080
(0.12), 164 (0.12)

T38 0,717 975 3 (70.1), 12471 (19.3), 915 (4.72), 2160 (2.87), 2208 (1.13),
71253 (0.92), 150 (0.1)
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T.S. %D.P. Tot. Periods and # rel. to Tot. periods

T39 0,610 983 845 (81.1), 405 (8.14), 2495 (5.19), 90 (3.66), 40 (0.71), 65
(0.31)

T40 0,535 934 18177 (55.1), 3 (41.2), 282 (2.25), 15 (0.43), 325953 (0.11)

T41 3,947 152 26 (57.9), 8 (34.9), 198 (3.95), 2 (1.32), 32 (1.32), 24 (0.66)

T42 2,481 927 48 (46.1), 24 (12.5), 32 (7.12), 8 (6.26), 44 (5.93), 56 (5.72),
412 (3.34), 528 (2.91), 64 (2.27), 60 (1.4), 68 (1.4), 52 (1.19),
72 (0.76), 2454 (0.76), 1224 (0.54), 286 (0.43), 76 (0.32), 84
(0.22), 80 (0.22), 96 (0.22), 1634 (0.22), 36 (0.11), 40 (0.11)

T43 0,511 978 32 (74.7), 72 (12.4), 188 (6.44), 4 (4.81), 28548 (1.64)

T44 1,434 976 1808 (38.7), 48 (28.3), 60 (12.6), 72 (9.32), 322 (5.23), 84
(2.66), 36 (0.82), 6 (0.72), 96 (0.51), 488 (0.51), 132 (0.31),
108 (0.1), 408 (0.1), 916 (0.1)

T45 0,406 983 6 (90.9), 142714 (7.83), 16 (1.27), 152 (0.2)
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T.S. %D.P. Tot. Periods and # rel. to Tot. periods

T46 7,748 955 74 (6.18), 70 (5.24), 66 (4.83), 62 (4.82), 34 (4.61), 50 (4.5),
38 (4.29), 58 (3.87), 78 (3.66), 82 (3.25), 94 (3.14), 54 (2.94),
86 (2.83), 98 (2.72), 4 (2.51), 72 (2.2), 42 (2.2), 60 (1.88), 88
(1.68), 64 (1.68), 90 (1.68), 118 (1.57), 52 (1.57), 102 (1.47),
110 (1.36), 5382 (1.36), 236 (1.36), 106 (1.36), 68 (1.36),
76 (1.36), 46 (1.26), 122 (1.15), 114 (1.15), 160 (0.94), 96
(0.94), 84 (0.94), 80 (0.94), 40 (0.84), 56 (0.84), 48 (0.73),
112 (0.63), 36 (0.52), 104 (0.52), 130 (0.52), 134 (0.52), 128
(0.42), 138 (0.42), 180 (0.42), 126 (0.42), 1194 (0.42), 152
(0.42), 100 (0.31), 30 (0.31), 108 (0.31), 166 (0.21), 124
(0.21), 146 (0.21), 32 (0.21), 170 (0.21), 116 (0.21), 178
(0.21), 142 (0.21), 120 (0.21), 136 (0.21), 92 (0.21), 144
(0.1), 154 (0.1), 186 (0.1), 770 (0.1), 132 (0.1), 174 (0.1),
218 (0.1), 148 (0.1), 156 (0.1)

T47 3,981 427 866 (32.8), 18 (18.5), 6 (13.1), 12 (7.49), 24 (7.49), 1836
(5.15), 30 (4.22), 42 (4.22), 36 (2.58), 48 (1.41), 60 (0.94),
54 (0.7), 8 (0.47), 66 (0.23), 72 (0.23), 22 (0.23), 90 (0.23)

T48 0,713 981 2320 (77.6), 177802 (13.4), 183532 (5.3), 224 (2.34), 336
(1.29), 872 (0.31), 178 (0.1)
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T.S. %D.P. Tot. Periods and # rel. to Tot. periods

T49 1,057 946 42 (29.3), 168 (26.5), 18 (26.1), 4200 (16.1), 114 (0.74), 228
(0.63), 24 (0.21), 66 (0.21), 210 (0.11), 144 (0.11)

T50 0,651 921 436 (49.5), 52 (29.4), 24 (11.1), 2044 (8.25), 48 (1.95), 1778
(0.65)

T51 0,863 926 3802 (74.6), 2 (21.7), 60928 (1.94), 1350 (0.65), 2894 (0.43),
44314 (0.32), 248 (0.22), 10580 (0.11)

T52 0,818 977 62 (43.3), 2 (38.9), 138 (15.9), 23792 (0.82), 270 (0.51),
62954 (0.31), 15008 (0.2), 17134 (0.1)
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Example III: Tables as databases.
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Example III: Tables as databases. Sloane's Encyclopedia of
integer sequences
) a lot of on-line tables (prime numbers, digits of� , factor tables,...)
) Sloane's Encyclopedia of integer sequences (tables withinhuge
table)
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Example III: Tables as databases. Sloane's Encyclopedia of
integer sequences
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Example III: Tables as databases. Sloane's Encyclopedia of
integer sequences
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Example III: Tables as databases. Sloane's Encyclopedia of
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Example III: Tables as databases. Sloane's Encyclopedia of
integer sequences
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Example III: Tables as databases. Sloane's Encyclopedia of
integer sequences
Multiplication table
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Example III: Tables as \databases". Sloane's Encyclopedia
of integer sequences

� Last time checked: 160418 sequences.

� 1480 papers that refer to encyclopedia, receives over 10,00 0 downloads a
day (in 2003)

� Contributions by both man and machine

� More than just a simple look-up: Superseeker \carries out a more sophisti-
cated analysis and tries hard to �nd an explanation for the se quence, even
if it is not in the database. If the simple lookup fails, Super seeker carries
out many other tests" (Sloane, 2003)
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Example III: Tables as \databases". Sloane's Encyclopedia
of integer sequences (continued)

� Interrelation between the tables/sequences; tables as com putational tools

� Multifunctionality: to compute, to explore, to look-up, to solve, to edu-
cate,...
\ your database is invaluable. For example, for a certain seq uence an , using
Maple I found the �rst 100 or so indices i for which ai is odd. Only the
OEIS could tell me that the sequence of these i s is a known sequence related
to the Thue-Morse sequence. Of course, this had to be followe d by further
reading and proof"

� Multirepresentation: tables, graphs and lists (interchan geability), multidi-
mensionality
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V. What has changed?
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V. What has changed? L. De Mol

What has changed?

� Function? Tables-as-calculating-aid vs. tables-as-data-represen tation. Com-
putation, storage, exploration,....

� Construction method? Man and machine contributions, man-machine
interaction ! Communities and individuals, networks of computers and PC 's.

� Method of Representation? internal or external use (man or machine
suitable, or both); problem of choice of representation; el ectronic vs. printed
tables; multidimensional tables

� Inspection of tables? Man or machine inspection? Interactive inspection.

� Distribution of tables? Depends on the function and the number of data
in the table. Classical and non-classical methods.

� Humanly impractical (re: Von Neumann)?
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V. Discussion

\The past went that-a-way. When faced with a totally new
situation, we tend always to attach ourselves to the objects, to the

avor of the most recent past. We look at the present through a

rear-view mirror. We march backward into the future."

Marchall McLuhan, 1967
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Put di�erently....

Figure 3: From: \The History of Mathematical Tables: From Sumer to Spr ead-
sheets"
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